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Abstract

Most factor modelling research in vector or matrix-valued time series assume all factors are perva-
sive/strong and leave weaker factors and their corresponding series to the noise. Weaker factors can in
fact be important to a group of observed variables, for instance a sector factor in a large portfolio of
stocks may only affect particular sectors, but can be important both in interpretations and predictions
for those stocks. While more recent factor modelling researches do consider “local” factors which are
weak factors with sparse corresponding factor loadings, there are real data examples in the literature
where factors are weak because of weak influence on most/all observed variables, so that the corre-
sponding factor loadings are not sparse (non-local). As a first in the literature, we propose estimators
of factor strengths for both local and non-local weak factors, and prove their consistency with rates
of convergence spelt out for both vector and matrix-valued time series factor models. Factor strength
has an important indication in what estimation procedure of factor models to follow, as well as the

estimation accuracy of various estimators .Q@ﬁmi.l.@li |292_4J) Simulation results show that our

estimators have good performance in recovering the true factor strengths, and an analysis on the NYC

taxi traffic data indicates the existence of weak factors in the data which may not be localized.
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1 Introduction

Factor modelling has become an increasingly important tool for analyzing high dimensional data across
various academic fields, including finance, economics, psychology, and biology. In high dimensional time
series, it is generally assumed that a small number of factors drive the dynamics of all variables, lead-

ing to significant dimension reduction. Traditional factor models primarily focus on vector time series,

exploring various assumptions regarding cross-correlation and serial dependence structures 2003,

,12002, 12007, 2023, |(Chamberlain and Rothschild, 1983, [Fan et all, 12013, 12019, [Forni et al., 12000,

,12012, [Lam et al., 2011, [Pan_and Yad, 2008, [Stock and Watson, 2005, 2002). More recently,

studies have extended their scope to include matrix factor models (Chen and Fan, 2021, [He et all, 2022,

Wang et all, 2019, [Yu et all, 2022) and tensor factor models (Barigozzi et all, [2023 Jﬂ, Chen et _all, 2022,

Chen and Lam, 2024, [Han et all, 2020, 12022), incorporating emerging data in more complex matrix or

tensor formats.

In factor modelling, a crucial assumption pertains to the strengths of factors. In the early studies

of standard vector factor models , 12003, Bai , 12002, [Stock and Watson, 12002), it is typically

assumed that all r factors are strong, commonly referred to as pervasive. Specifically, in the model

Xt:Aft+€t7 tzlv“'vTv

where x; € R4, A € R™" and f; € R", the pervasive factor assumption implies that all r eigenvalues of
ATA diverge proportionally to d, i.e., \;(ATA) < dfor j =1,---,r. This results in a clear partition of the
eigenvalues of the observed covariance matrix into two sets: large eigenvalues representing factor-related
variation and small eigenvalues representing idiosyncratic variation. Such a clear partition is also crucial

for validating the procedure to estimate the number of factors by analyzing the empirical behaviors of

eigenvalues (Ahn and Horenstein, 2013, , 2003, |Onatski, 2010).

However, a clear separation of the eigenvalues into one set of large eigenvalues and a second set of

small eigenvalues is typically not found in practice. Empirical studies in economics and finance indicate

that eigenvalues often diverge at varying rates (Freyaldenhoven, 2022, [Ross, 1976, [Trzcinka, 11986). In

response, models introducing weak factors have been proposed for analyzing vector time series (Bai and Ng|,

2023, [Freyaldenhoven, 12022, [Lam and Yao, 2012, [Lam et all, 2011, |Onatski, 2012, [Uematsu and Yamagata,

2022). For the j-th column a; of A, its factor strength «;, ranging between 0 and 1, is defined such that

||aj||QXdaj7 .7: ]-7 s Ty



ensuring that

AN(ATA) =< d%, j=1,- 1

Thus, a strong (or pervasive) factor has o; = 1, while a weak factor has «; < 1. Theoretically, a weak

factor can result from two scenarios: (i) the factor has a weak effect on all observables, or (ii) it affects

only a subset of observables, referred to as a “local” factor by [Freyaldenhoven (2022).

Building on assumptions about weak factors for vector time series, the literature has developed studies

focusing on the estimation of the factor loading space and the number of factors when weak factors are

present in the model &m'jmj_NJ, 2023, [Freyvaldenhoven, 12022, [Lam and Yaao, 2012, [Lam et all, 12011,

Uematsu and Yamagata, [2022). Despite these efforts, there is limited research on directly estimating

factor strengths themselves. [Uematsu and Yamagata (2022) assume sparsity in the factor loading matrix

A and employ techniques akin to adaptive LASSO for factor selection. They calculate the estimated factor

strengths by counting the number of nonzero elements in the estimated factor loading matrix. Another

study with similar sparsity assumptions, Bailey et al) (2021), proposes estimating factor strengths based

on the proportion of statistically significant factor loadings, but it concentrates on cases where factors are

observed, while our primary emphasis is on latent factor models.

The sparsity assumptions in the above mentioned works specifically address scenarios akin to case

(ii) mentioned earlier, i.e., when factors are weak due to being “local”. This framework does not cover

situations where a factor is weak because of its weak impact on all observed units. |Connor and Korajczy

2022) considers such a scenario when factors are observed, and provides test-statistics for differentiating

strong from weak factors. They demonstrate in an analysis of US equity returns how weak factors can have
effects on some or all variables (thus no sparsity assumption since these weak factors are not “local”). While
their test-statistics can differentiate strong from weak factors, factor strengths are not estimated in the

paper. Factor strength provides important indication on how well a factor loading matrix can be estimated

(seeLam and Yao (2012) and |Chen and Lam (2024) for rates of convergence for factor loading matrices in

the presence of weak factors). In recent years, matrix and tensor factor models with assumptions on weak

factors have also emerged (Chen et all, 2022, |Chen and Lam, 2024, [Han et all; 2020, 2022). However, none

of these papers provide a method to estimate factor strengths. Consequently, factor strength estimation
remains an important yet challenging issue, especially when we are not relying on sparsity assumptions on

the factor loading matrices.

In this paper, we propose a novel method to estimate factor strengths in factor models for vector and

matrix time series. Our method does not assume the factor loading matrix is sparse. Instead, we make use



of covariance information and the estimated factor loading matrices to extract factor strengths directly.
To the best of our knowledge, this is the first method to estimate factor strengths that can be applied in
general settings when the factor loading matrices are not necessarily sparse. Moreover, it represents the
first method to estimate factor strengths in matrix factor models, i.e., tensor factor models with order
K = 2. For matrix factor models, the factor strengths on the row loading matrices and column loading
matrices are estimated with specific identifiability conditions provided. Numerical experiments show that

our method performs well in various settings, shedding light on future research directions in this field.

The rest of this paper is organized as follows. Section 2] introduces our method for estimating factor
strengths for vector factor models, accompanied by theoretical results. In Section[3], we extend the approach
to matrix factor models and provide an identifiability condition that enables the simultaneous estimation
of factor strengths on both modes, with theoretical guarantees. Section [ presents our simulation studies,
showcasing the performance of our method in various settings, with a matrix-valued NYC taxi data set

analyzed in Section All proofs are presented in Section

2 Estimation Method in Vector Factor Models

The models we consider are time series factor models in vector or matrix formats. We start with a vector

factor model, which takes the form
Xt = Aft + €, te [T], (21)

where x; € R?, ¢, € R?, A € R¥¥" is the factor loading matrix, and f; € R" are the latent factors. We
also define, for any positive integer m, [m] := 1,...,m. We assume d > r and r is finite, and present the

following assumptions to identify the factor loadings and factor strengths.

(V1) (Factor strengths) A is of full rank, and A™A = D, where D is a diagonal matriz. Define the

diagonal entries of D as dj; := (D);;, then dj; < d* forjer], and 0 < a, <---<ay <1.

(V2) (Latent factors) There is zy,; the same dimension as £y, such that f =3 - afqzft—q. The time se-
ries {zfq} has i.i.d. elements with mean 0, variance 1 and uniformly bounded fourth order moments.

The coefficients ay,q are so that quo a%q =1.

Assumption (V1) defines factor strengths in the model. AT A being diagonal is necessary to identify
and estimate a spectrum of different factor strengths. Otherwise, different rotations could mix weak factors

with stronger ones, making the factor strengths unidentifiable. This assumption is not as non-general as it



appears. As an illustrative example, consider a d x 2 factor loading matrix A = (aj,az), with ||a;||? < d*

and |laz||? < d*2, a1 > az. Also, write aTay = |la1|| - ||az|| cos(f). Then by the QR decomposition,

a ay|| cos(0
A—QR, where R | Pl llmalfcos(®) )
0 H32||

and Q is a d X 2 matrix with orthogonal columns. The matrix R can in fact be written as

_ _ 1 |lazl| cos(8)/]|a ail|? 0
R —=D'?R, where R := ozl cos®)/llanll ) = g | T2l

0 1 0 llaz]|?

with the entry ||as|| cos(6)/||ai| = O(d(*2=*1)/2) = o(1). Hence the common component in model 2.1
can now be written as Af; = Kf}, where A := QD'/2 and f't = ﬁft. Now the new factor loading matrix
indeed has ATA = D, a diagonal matrix with d;; = [|a,||2 =< d* as in Assumption (V1). The new factor
series E is asymptotically the same as f; since R is asymptotically the identity matrix. If a; = as, R is not

asymptotically the identity matrix, but we only need to trivially modify all proofs in the paper (omitted).

It’s important to note that we do not impose any sparsity assumptions on the factor loading matrix
A, in contrast to other recent literature dealing with weak factors (Bailey et all, 2021, [Freyaldenhoven,
2022, [Uematsu and Yamagata, [2022). Consequently, a factor in our model can be weak if either (i) the
factor has a weak effect on all observables, or (ii) it affects only a subset of observables. Such relaxed
assumptions provide more flexibility for our approach to be used in practice. Assumption (V2) states that
f, has uncorrelated elements. Define F = [f,...,fr|", then Assumption (V2) implies E[iTF] = I, and

|| FTTF || = Op(1), facilitating the rationality of our method as described later.

To estimate the factor strengths «;, j € [r], note that from Assumption (V1), the factor loading matrix
A can be written as A = QD2 where Q € R**" has orthogonal columns such that Q"Q = I,., and
D € R"*" is a diagonal matrix defined in Assumption (V1). Since Q is orthogonal, the information about
factor strengths in A is fully encapsulated in D, given that d;; < d*/. Consequently, we can estimate
factor strengths by estimating the diagonal elements of D. To achieve this, we define S = QTEIQ, where

Q is an estimator of Q, and 3, = * Zthl x;X7. Then
1 T
S0 1/2 | + 1/2 A
$=Q"QD (T gftftT) D'2Q"Q
~ 1 T - N 1 T =N . 1 T R
+QTQD!/? <T > ftetT> Q+Q" <T > etftT> D'/2Q"Q + Q" (T > etez> Q. (2.2)
t=1 t=1 t=1

If the error terms €, are appropriately bounded, with proper assumptions on its cross-correlation and



serial dependence, the last three terms in (Z2]) become small in comparison to the first term. Moreover,
considering that E[f;f{'] = I, by Assumption (V2), and assuming we have an estimator Q that is close to

Q, we can make the following approximation:
1 X
S~ 0 1/2 | & 1/20TA ~
S~Q"QD <T ;:1 ftftT> D/°Q"Q =~ D.

In practice, the estimated Q can be obtained through various approaches, depending on the model assump-
tions (see Bai and Li (2012), Bai and Liad (2016), Bai and Ng (2002), [Lam and Yao (2012), [Lam et al.
(2011) for examples). Now, given that D is diagonal, we can directly derive the estimator for d;;, j € [r],
by using the diagonal entries of §, such that c/l\jj = §j;, where cijj and 5j; represent the j-th diagonal

entries of D and §, respectively. Thus, the factor strengths on A can be estimated as

_ log (C@‘j)

o5 = 10g(d) , JE [T]v (23)

and we can further obtain A as A = Qf)l/ 2 where Dis a diagonal matrix with diagonal entries given by
To assess the estimator @; obtained by (2.3]), note that from Assumption (V1), the true factor strength

o is defined as
ag||* = cds, j e, (2.4)

where C' is a constant that may vary across different j. Additionally, introduce the realized factor strength
Qi as
2
a--:w:a.+w (25)
7T log(d) 7 log(d) '
It is important to note that our estimator @; is, in fact, an estimator for &; rather than the true «;, as C
and o are not identifiable. However, given that C is a constant, when the dimension d grows large, we

expect llzgg((g)) — 0, leading to a negligible difference between a; and «;. In the special case where C' =1,

we always have a; = a;. In practical situations with finite samples and a moderately sized d, it is desirable
for C to be close to 1, ensuring that c; does not significantly differ from a;. In such cases, @; serves as a

reliable approximation to the true ;.

To introduce the theory for the consistency of &;, we need the following additional assumptions:



(V3) (Noise series) Define E = [e1,...,er]", then H%H =0p(1+4).

(V4) (Accuracy of the estimated Q) The estimated factor loading Q satisfies
1Q - Q| = Op(@* ). (2.6)

(V5) (Model parameters) We assume o, > G- and

d1+a172a,~

—— = 0. (2.7)

Assumption (V3) is standard in the literature that addresses the possibly correlated noise (Bai, 12003,
Bai and Ng, 2007). It asserts that (weak) cross-correlations and serial dependence can be allowed in the
noise series, which can be inferred from more primitive conditions (Moon and Weidnex, 2015, |Onatski,
2015). Assumption (V4) states that the estimated Q should be close to the true Q, with the specified
rate of convergence required. In the special case when all factors have the same strength, ([2.6) reduces to
|Q — Q| = Op(1), which is naturally satisfied by any consistent estimator of Q. It is important to note
that depending on the method used to obtain Q, additional technical assumptions may be necessary to
ensure the error bound of Q is satisfied, although these details are not provided here. Assumption (V5)
outlines the necessary relationships between the weakest and the strongest factor, as well as between d and
T'. To consistently estimate «, it is crucial that the weakest factor is not excessively weak compared to
the strongest ones. This relationship also influences the required magnitude of T'. Consider, for example,
the scenario where the strongest factor is pervasive (i.e., @3 = 1). In this case, we will need «, > 0.5,
and (27) will be automatically satisfied if the weakest factor is also pervasive (i.e., a,, = 1). However, if

a, = 0.5, then we will require £ = O(1) to fulfill the rate condition (7).

The following theorem shows the consistency of estimated factor strengths @; obtained by ([23).

Theorem 1. Under Assumptions (V1)-(V5), if the constant C defined in (2-4) is unknown, we have

|a; — a;] = Op (@) , JEelr]

Theorem [1 asserts that &; converges to the true factor strength a; with a rate of 1/log(d) when we do
not know the constant C' defined in ([2.4). Indeed, this rate is optimal, as we have demonstrated that &; is
an estimator for the realized factor strength &; defined in (2.5) when C' # 1. Consequently, &; converges
to the true «; with a rate of 1/log(d), and the rate of |@; — ;| cannot surpass this bound. Theorem [I]

highlights that, with proper assumptions, we can achieve this optimal rate.



Nevertheless, if we assume C' = 1, then o; = «;, making the factor strength o; exactly identifiable.
In such case, we can achieve a better rate of convergence for |&; — a;|. To accomplish this, we need the

following Assumption (V4’) and (V5’).

(V4') The estimated factor loading Q satisfies |Q — Q|| = op(d®r—1).

(V5') We assume o, > G- and W =o(1).

Assumptions (V4’) and (V5’) are parallel to Assumptions (V4) and (V5), respectively. The slightly

more restrictive rate conditions are necessary for the proof of the following theorem.

Theorem 2. Under Assumption (V1), (V2), (V3), (V4) and (V5’), if the constant C defined in (2-4)

equals 1, then we have, for any j € [r — 1] satisfying a; > o,

(2.8)

- cj+dorT
@ — aj| = Op <7J >

log(d)

where
;= (dT N1 +dVPT )+ d~ % (1 +dT™") = o(1).

Furthermore, if Assumption (V4’) is satisfied, then for any j € [r],

@ —a;| = Op <b§ﬁ> + op <Ci;—z;j> : (2.9)

Theorem 2 presents the improved rate of convergence for the estimated factor strengths when they are
exactly identifiable. Equation (Z8)) indicates that when . is not too small and T is large enough to satisfy
(V5’), all factor strengths except for the weakest ones can be estimated at a rate faster than 1/log(d),
assuming some factors are stronger than others. Moreover, stronger factors can achieve faster rates, and

the rate increases as T" or d grows larger.

Furthermore, (Z9) states that if Q is accurately estimated such that (V4’) is also satisfied, then all
factor strengths, including the weakest ones, can be estimated at an even faster rate. Note that if all factors
have the same strengths, then (V4’) is automatically satisfied for any consistent estimator of Q, and the

rate (2:9) directly applies.



3 Extension to matrix factor models

In Section 2 we discuss our method to estimate factor strengths in a vector factor model. The similar
approach can be extended to a matrix factor model, which is developed for analyzing time series obser-
vations recorded in matrix form (Chen and Fan, 2021, [He et all, [2023, Wang et all, 2019, [Yu et all, [2022).

Consider the matrix factor model:
X; = AlFtAg +E;, te [T], (310)

where X; € R4 >4 E, ¢ R4*% F, ¢ R"*" and A, € R%*™ for k = 1,2. The following assumptions

for matrix factor models are direct extensions of Assumptions (V1) and (V2) for vector factor models:

(M1) (Factor strengths) For k = 1,2, Ay is of full rank, and AJA, = Dy, where Dy is a diagonal
matriz. Define the diagonal entries of Dy as di j; = (Dg);j, then dy ;; < d** for j € [ry], and

O<apr <---<oap1 <1

(M2) (Latent factors) There is Zyg the same dimension as Fy, such that ¥y = > sqapqZfi—g. The
time series {Zy 4} has i.i.d. elements with mean 0, variance 1 and uniformly bounded fourth order

moments. The coefficients ay,q are so that 3 < a%q =1

Assumption (M2) is parallel to the assumptions made for the factor series in |Chen and Lam (2024)
when K = 2. Assumption (M1) fixes the concept of factor strength similar to Assumption (V1) in Section
With Assumption (M1), we can write A; = Q1D1/2 and Ag = Q2D5/2, where Qi € R%* X" has

orthogonal columns for k = 1,2. Then (BI0) can be written as

X, = Q,D*F,DY?Q} + Ey, te€[T]

To estimate the factor strengths on A, similar to the vector case, we can create §1 = QTfhach,

where Ql is an estimator of Q1, and f]lz = % Ethl X;:X}. Then

T
~ ~ 1 ~
$1=QiQ:D,” (f ZFtDzF,?) D;”Q{Q:

=1
~ 12 (1 d 1/2 ~rr | A ~. (1 d 1/2 1/2~7A | Ar [ 1 d o\ A
+Q;Q:D; TZFISDQ 2By | Q1 +Q TZEtQ2D2 F, 1 D,/"QQ+Q TZEtEt Q1.
=1 =1 =1
(3.11)

The last three terms in (II) will become small compared to the first term if the error terms E; are



small with proper assumptions on its cross-correlation and serial dependence. For matrix factor models,
literature has been developed to obtain Ql using different approaches under various model assumptions
(see [Barigozzi et all (2023b), IChen and Fan (2021), |Chen et all (2022), IChen and Lam (2024), He et al.
(2023), Wang et all (2019) for examples). If Q; is close to Qq, then

T
~ ~ 1 ~
S1~QiQD,” <T ZFtDthT) D’ Qi Q
t=1

T
1
~ Dj/? (T 3 FtDQFtT> D}/
t=1
~ D}/ ?tr(D,)D1/?

= tI‘(DQ)Dl. (312)

If Dy is known, or we have an estimate for it, we can then estimate the diagonal entries of Dy by using
the diagonal entries of S /tr(D2). With QQ an estimator of Q2 and if they are close, parallel arguments

(by swapping the index 1 with 2 and vice versa) show
S, ~ tr(D;)Dy. (3.13)

Thus, if D7 is known or if we have an estimate of it, then we can estimate the diagonal entries of Dy by

using the diagonal entries of §2/tr(D1).

However, in most practical scenarios, neither Dy nor D5 is known. Consequently, we aim to estimate
both D; and Dy simultaneously from I2) and BI3]). In such situations, it is crucial to note that due
to matrix multiplication, the factor strengths on A; and As are not identifiable in matrix factor models.

This lack of identifiability is reflected in the relationships derived from [B.I2) and BI3):
tr(S1) & tr(Dy)tr(Dy) = tr(Ss). (3.14)

Therefore, to estimate the factor strengths on Dy and Ds simultaneously, it is necessary to define the

identifiability condition as:

(IC) (Factor strength identifiability)

tr(Dl) - tl”(Dg)
T Treds (3.15)

Note that the identifiability condition is not unique. However, we choose [B.I3]) as it is convenient for

10



interpretations. The intuition behind (3I3) is that, in general, larger factor strengths will be “assigned”
to larger dimensions. For instance, consider r; = 73 = 1 and 3,1 = az1 = 1. In this case, tr(ATA1) =
tr(D1) =~ ridy and tr(A3Az) = tr(D2) = rady (each up to multiplication of an unknown constant).
Consequently, by (15, the estimated factor strengths can recover the true ones if we know one of it,
ie., @11 &~ Q2,1 ~ 1. On the other hand, if A; and A, have the exact same dimensions (11 = ro and
dy = da), they will be “assigned” the same factor strengths under (IC), as the factor strengths on them

are completely symmetric and indistinguishable from each other.

With identifiability condition ([B.IH]), together with [B.I4]), we can allocate the proper factor strengths
on D; and Ds accordingly. For more accuracy and consistency in calculations, we can use the average of
tr(S1) and tr(S2) as an estimate of tr(D;)tr(D3) and solve for tr(D;) and tr(Ds), respectively. This leads

to the following approximations:

~ ~ 1/2

tI‘(Sl + SQ) ’I”ldl
tr(D;) = . 1
(D1) ( - d) (3.16)

and

0@ +8s) rads)

r T
tr(Dg)x< 12 2 J«jdi) . (3.17)

By substituting (817) and [BI6]) back into (312) and [BI3]), we can estimate the diagonal entries of
D; and D, by taking the corresponding diagonal entries in §1 and §2, respectively, normalized to specific

magnitudes. This leads to:

where C/Z\QJ‘J‘ and Sz j; are the j-th diagonal entries of D, and §2, respectively. Finally, the factor strengths

on A; and Ay can be estimated as:

N log ((/1\1)]‘]‘)

Qalj = Wa J € [rl,

11



and

log (C/Z\Q_J‘j)

Toald) Jj € [ral,

Qgj =
and we can further obtain Ak = Qkﬁ}c/ 2, where ﬁk is a diagonal matrix with diagonal entries given by
C/l\k)jj, for k = 1, 2.

To introduce the theoretical guarantee for & ; and @z ;, we similarly define the following assumptions

for the matrix factor models, as an extension of Assumptions (V3) to (V5) for vector factor models:

T
(M3) (Noise series) HdzLT thl Et;:t

_ d1 1 T E[E;
=Op (1 + d2T) and Hle t=1"T

:OP(1+£—2‘T).

(M4) (Accuracy of the estimated Qk) For k = 1,2, the estimated factor loading Qk satisfies
1Qk — Qi = op(d™sme—owr).

M5) (Model parameters) For k = 1,2, we assume o, > 251 oy > 0.5. Furthermore
Tk 2 s

dy dy dy o dy %
m = o(1), d‘f‘l—lT = o(1), dgﬁ = o(1), d(fT =o(1).

Assumption (M3) extends Assumption (V3) from the vector model to the matrix model, allowing for

(weak) cross-correlations among fibers and serial dependence in the noise series. Specifically, we can express

dZLT Ethl Et;::;r as dZLT Ethl E?il €€ ;, where the e, ;’s represent the columns of E;. Then Assumption
(M3) will be satisfied by applying random matrix theory if the correlations among columns of E;, rows
of E;, and serial dependence of E; are not too strong (Ahn and Horenstein, 2013, Bai and Yin, [1993).
Assumption (M4) states that the estimated Qk should be close to the true Q. Consider a common scenario
that d; =< dy < T, and the strongest factors for both modes are pervasive, i.e., ;1 = az2 = 1. Then
the rate requirement for Assumption (M4) can be satisfied by the projection estimator of |[Chen and Lam
(2024) when ayr, > 0.5 (representing a very weak factor). In the special case when all factors have the
same strength, Assumption (M4) is naturally satisfied by any consistent estimator of Q. Assumption
(Mb5) delineates the requisite relationships between the weakest and strongest factors of each mode, as well
as among dq, da, and T'. These conditions are relatively mild, as a1 > 0.5 denotes a very weak strongest

factor for each mode. In a typical scenario where di < do < T and @11 = ag2 = 1, Assumption (M5) will

be satisfied as long as oy, > 0.5.

Similar to the vector factor model, the true factor strength oy ; for a factor under a matrix factor

12



model is defined as
2 QL i .
Hak,jH = Cdkkdv j€lr], kell,2], (3.18)

where C' is a constant that may vary across different k, j. Additionally, define the realized factor strength
Q,j as
2
ol lox(©)

= = = ke [1,2].
k,j log(dk) Qg 4 + 1Og(dk)7 JE [rk]u € [ 5 ]

Similar to the vector case, our estimator &y ; is an estimator for @y ; rather than the true oy ;. When
the constant C' # 1, the convergence rate of @y ; towards the true ay ; cannot be faster than 1/log(dy).
However, if C' = 1, then the rate of convergence can be much faster. The following theorem shows
the consistency of estimated factor strengths ay, ; for matrix factor models by specifying the rates under

different scenarios.

Theorem 3. Under Assumptions (M1)-(M5), and assuming the identifiability condition (313) holds. For
each j € [ri], k = 1,2, if the constant C defined in (318) is unknown, then we have

. B 1
s = vl = O (i)

Furthermore, if ag,r, > “5% and the constant C' defined in (F18) equals 1, then for j € [ri], k= 1,2,

. Ch.,j ot~
o -0 a "tk Th 3.19
v ~ s = 0r (i) +or (Tt ) @10

where

TS P e 5 dy \ /2 —on; d—a d
cryi=dy 7 dy <1+—1) dy My <1+—1>—0(1),

dgT d2T
L h] b \'"? a1 a d
oy i=dy? P2 (1 + dl—QT) +dy idy 0 <1 + dl—2T> =o(1).

Theorem [l extends the results of Theorem [Il and Theorem 2] from vector time series to matrix time
series. Specifically, in general scenarios when C' # 1, the optimal rate of 1/log(dy) is achieved by our
estimated factor strengths. In the special case when C = 1 such that the factor strengths are exactly
identifiable, then we can obtain an improved rate of convergence as outlined by ([3I9). The improved rate
BI9) for matrix factor models can be compared to the rate [29) for vector factor models in Theorem

If the strongest factor for mode-2 is pervasive, i.e., ap,;1 = 1, then for estimating the factor strengths in
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A1, we have

L1, d s d
ag=dt (”_1) th (”ﬁ)’
2

which is faster than the rate c; in Theorem [2] when d; > d2T', and at the same rate as ¢; when dy < doT'.
Thus, with the matrix factor model, we can potentially obtain a more accurate estimator of the factor

strengths.

4 Simulation Experiments

In this section, we conduct simulation experiments to test the performances of our proposed method to

estimate factor strengths in vector and matrix factor models.

4.1 Simulation settings

For generating our data, we use model (2] for vector time series, and ([BI0) for matrix time series. For
vector time series, the factor loading matrix A is generated with A = BR, where the elements in B € R¥*"
are 1.i.d. U(—\/g, \/5), and R € R"™*" is diagonal with the j-th diagonal element being d=%,0< ¢ <0.5.
Pervasive (strong) factors have {; = 0, while weak factors have 0 < ¢; < 0.5. In this way, the constant
C in (24) will be close to 1, so that &; ~ «; and ||a;|| ~ d;° for j € [r]. For matrix time series, we
independently generate A; and Ag using the same procedure described above. The factor loading matrix
A, for k = 1,2 is generated independently with A, = ByRy, where the elements in By € R% X" are i.i.d.
U(—v3,v3), and Ry € R™*" is diagonal with the j-th diagonal element being d;c’“’j, 0 < ¢k, <0.5.

Pervasive (strong) factors have ;. ; = 0, while weak factors have 0 < (. ; < 0.5.

The elements in f; for vector time series (or F; for matrix time series) are independent standardized
AR(1) with AR coefficients 0.8. The elements in €; (or E;) are generated based on Assumption (E1) and
(E2) in|Chen and Laml (2024), where they decompose the noise series into a common component part and
an independent noise part, facilitating weak cross-correlations and serial dependence in the noise series. We
use the same parameters to generate €; (or E;) as in|Chen and Lan (2024), except that we add an additional
step to normalize the magnitude of the noise based on the signal-to-noise ratio §. This ratio is defined as
the average ratio of standard errors of f; and €; (or F; and E;), which ensures that é Z;l:l var(e ;) = 5%

1 dy do _ 1 _ . . . . . .
(or T Doty 1 var(ei ;) = 3z). We assume 0 = 2 for all simulation experiments in this section.

We set r = 2 for vector time series, and r; = ro = 2 for matrix time series. We consider two settings

of factor strengths for vector time series:
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(I) One strong factor and one weak factor with (; = 0 and (o = 0.2, so that a; = 1, ag = 0.6.

(IT) Two weak factors with ¢; = 0.1 and (3 = 0.2, so that a; = 0.8, aa = 0.6.
Similarly, two settings of factor strengths are considered for matrix time series:

(I) One strong factor and one weak factor with (;1 = 0 and (x2 = 0.2 for k = 1,2, so that a1 = 1,

Qg2 = 0.6.

(IT) Two weak factors with (1 = 0.1 and (2 = 0.2 for k = 1,2, so that ay; = 0.8, a2 = 0.6.

Each experiment is repeated for 500 times.

4.2 Results

For vector factor models, we consider all combinations of dimensions d = 50, 100, 200, 400,800 and T =
50, 100, 200, 400, 800 for each of the two settings of factor strengths outlined in Section Il We estimate
a1 and as following the process described in Section 2] where Q is estimated using PCA of the sample
covariance matrix (Bai and Ng, 2002). Tables [Il and 2] record the mean and standard deviation over 500

repetitions of factor strengths estimations under different settings and dimensions.

Based on the results presented in Table [[l and [2 our factor strengths estimators demonstrate good
performance across all settings in vector factor models. Both &; and s converge to the true factor strengths
a1 and ag, with a particularly notable improvement as T increases. Furthermore, the standard deviation
of the estimators decreases with the increase in 7" or d. It’s essential to note that the standard deviation
of estimation is influenced not only by errors in the estimation procedure but also by the fact that a; is
not generated to be exactly «; but with some small variance (i.e., the constant C' in ([24) is not exactly

1). Nevertheless, given that &; ~ ¢, the estimated &; still serves as a good approximation of ;.

For matrix factor models, we consider the following five settings of different dimensions for d; and da:

i. dy = dy = 25;

ii. dy = dy = 50;

iii. dy = dy = 100;

iv. dy =25, dy = 50;

V. d1 = 50, d2 = 100.
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[ [ d] T=5 [ T=100 [ T=200 | T=400 | T =800 |

50 | 1.00(0.10) | 0.99(0.07) | 1.00(0.06) | 1.00(0.05) | 1.00(0.04)
100 | 0.99(0.09) | 0.98(0.06) | 0.98(0.05) | 1.00(0.04) | 1.00(0.03)
ay | 200 | 0.99(0.08) | 0.98(0.06) | 0.99(0.04) | 1.00(0.03) | 1.00(0.02)
400 | 0.98(0.07) | 0.99(0.04) | 1.00(0.04) | 1.00(0.03) | 1.00(0.02)
800 | 0.98(0.07) | 1.00(0.04) | 0.99(0.03) | 1.00(0.02) | 1.00(0.02)
50 | 0.56(0.08) | 0.59(0.08) | 0.59(0.06) | 0.59(0.05) | 0.59(0.05)
100 | 0.58(0.07) | 0.59(0.07) | 0.59(0.05) | 0.59(0.04) | 0.60(0.03)
s | 200 | 0.59(0.06) | 0.60(0.05) | 0.60(0.04) | 0.60(0.03) | 0.60(0.02)
400 | 0.62(0.05) | 0.59(0.05) | 0.60(0.04) | 0.60(0.03) | 0.60(0.02)
800 | 0.64(0.04) | 0.61(0.04) | 0.60(0.03) | 0.60(0.02) | 0.60(0.02)

Table 1: The mean and standard deviation (in brackets) of the estimated factor strengths for Setting (I)
under vector factor models. The true factor strengths are a3 = 1, as = 0.6.

| | d] T=50 [ T=100 [ T=200 | T=400 | T =800 |

50 | 0.82(0.09) | 0.81(0.08) | 0.82(0.05) | 0.81(0.05) | 0.81(0.04)
100 | 0.80(0.09) | 0.80(0.07) | 0.80(0.05) | 0.80(0.03) | 0.80(0.03)
a1 | 200 | 0.79(0.07) | 0.79(0.05) | 0.80(0.04) | 0.81(0.03) | 0.80(0.03)
400 | 0.80(0.07) | 0.80(0.05) | 0.80(0.04) | 0.80(0.02) | 0.80(0.02)
800 | 0.81(0.05) | 0.80(0.05) | 0.80(0.03) | 0.80(0.03) | 0.80(0.02)
50 | 0.56(0.09) | 0.56(0.08) | 0.59(0.06) | 0.60(0.05) | 0.59(0.05)
100 | 0.57(0.07) | 0.59(0.05) | 0.59(0.05) | 0.59(0.03) | 0.59(0.03)
ay | 200 | 0.59(0.05) | 0.59(0.05) | 0.60(0.04) | 0.59(0.03) | 0.60(0.02)
400 | 0.61(0.05) | 0.60(0.05) | 0.60(0.03) | 0.60(0.03) | 0.60(0.02)
800 | 0.63(0.03) | 0.61(0.04) | 0.60(0.03) | 0.60(0.02) | 0.60(0.02)

Table 2: The mean and standard deviation (in brackets) of the estimated factor strengths for Setting (II)
under vector factor models. The true factor strengths are a; = 0.8, as = 0.6.

We consider all combinations of 7" = 50, 100, 200, 400, 800, and the above five settings of dimensions for
each of the two settings of factor strengths outlined in Section B.Jl We estimate &i,1, @12, G2,1, and
Qiz,2 following the process described in Section [3] where Ql and Qg are estimated using the pre-averaging
and iterative projection algorithm developed in |Chen and Laml (2024). Table Bl and Ml record the mean
and standard deviation over 100 repetitions of factor strengths estimations under different settings and

dimensions.

From Table [8] and Ml our estimation procedure performs effectively across all settings in matrix factor
models. The identifiability condition (315 efficiently allocates factor strengths between A and Ay. When
d1 = dg, we estimate relatively similar factor strengths for A; and As since they are indistinguishable.
Moreover, all estimated factor strengths converge to the true values as T' and d increase. In cases where
d1 # ds, the estimated factor strengths on A; and A, are allocated based on the relative magnitudes of
di and ds, contributing to the recovery of true factor strengths. This tendency is particularly pronounced

in Setting (I), where the strongest factors on A; and A, are pervasive.
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| [ (di,d2) | T=50 | T=100 | T=200 | T=400 | T =800 |
(25,25) | 1.00(0.07) | 1.00(0.06) | 0.99(0.05) | 0.99(0.05) | 1.00(0.04)
(50,50) | 0.99(0.06) | 1.00(0.05) | 1.00(0.04) | 1.00(0.03) | 1.00(0.03)
a1 | (100,100) | 0.99(0.04) | 0.99(0.03) | 1.00(0.02) | 1.00(0.02) | 1.00(0.02)
(25,50) | 1.01(0.08) | 0.99(0.06) | 0.99(0.05) | 0.99(0.04) | 0.99(0.04)
(50,100) | 0.98(0.06) | 1.00(0.04) | 0.99(0.04) | 0.99(0.03) | 0.99(0.02)
(25,25) | 0.55(0.11) | 0.57(0.09) | 0.58(0.09) | 0.58(0.06) | 0.59(0.06)
(50,50) | 0.57(0.08) | 0.58(0.07) | 0.59(0.07) | 0.59(0.05) | 0.60(0.04)
a1 | (100,100) | 0.57(0.07) | 0.59(0.06) | 0.59(0.04) | 0.59(0.04) | 0.59(0.03)
(25,50) | 0.54(0.11) | 0.55(0.10) | 0.57(0.08) | 0.57(0.06) | 0.57(0.06)
(50,100) | 0.57(0.09) | 0.56(0.07) | 0.59(0.06) | 0.59(0.05) | 0.59(0.04)
(25,25) | 1.00(0.07) | 1.00(0.05) | 0.99(0.05) | 0.99(0.05) | 1.00(0.04)
(50,50) | 0.99(0.06) | 0.99(0.05) | 1.00(0.04) | 1.00(0.03) | 1.00(0.03)
@1 | (100,100) | 0.99(0.04) | 0.99(0.03) | 1.00(0.02) | 1.00(0.02) | 1.00(0.02)
(25,50) | 1.01(0.06) | 1.00(0.04) | 1.00(0.04) | 1.00(0.03) | 1.00(0.03)
(50,100) | 0.99(0.05) | 1.01(0.03) | 1.00(0.03) | 1.00(0.02) | 1.00(0.02)
(25,25) | 0.55(0.12) | 0.56(0.09) | 0.58(0.08) | 0.58(0.06) | 0.58(0.06)
(50,50) | 0.59(0.09) | 0.59(0.07) | 0.58(0.06) | 0.59(0.04) | 0.59(0.04)
Q2 | (100,100) | 0.58(0.08) | 0.58(0.06) | 0.59(0.04) | 0.59(0.04) | 0.59(0.03)
(25,50) | 0.58(0.10) | 0.59(0.07) | 0.59(0.06) | 0.59(0.04) | 0.60(0.05)
(50,100) | 0.59(0.08) | 0.58(0.06) | 0.59(0.05) | 0.60(0.04) | 0.60(0.03)

Table 3: The mean and standard deviation (in brackets) of the estimated factor strengths for Setting (I)
under matrix factor models. The true factor strengths are oy 1 =ag1 =1, @12 = az 2 = 0.6.

4.3 NYC taxi traffic analysis

We analyze taxi traffic pattern in New York city. The data includes all individual taxi rides operated by

Yellow Taxi within New York City, published at
https://wwwl.nyc.gov/site/tlc/about/tlc-trip-record-data.page.

To simplify the discussion, we only consider rides within Manhattan Island. The dataset contains 1.1
billion trip records within the period of January 1, 2011 to December 31, 2021. Each trip record includes
fields capturing pick-up and drop-off dates/times, pick-up and drop-off locations, trip distances, itemized
fares, rate types, payment types, and driver-reported passenger counts. Our study focuses on the pick-up

and drop-off dates/times, and pick-up and drop-off locations of each ride.

The pick-up and drop-off locations in Manhattan are coded according to 69 predefined zones and we
will use them to classify the pick-up and drop-off locations. While |Chen and Lam (2024) and [Chen et al.
(2018) further divide each day into 24 hourly periods and analyze the X; € R69%69%24 tengor time series to
estimate factor loadings and the number of factors, our focus in this paper is on estimating factor strengths

in matrix time series. To achieve this, we record the total number of rides moving among the zones within
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| [ (di,d2) | T=50 | T=100 | T=200 | T=400 | T =800 |
(25,25) | 0. 82(0 07) | 0.81(0.05) | 0.80(0.05) | 0.81(0.05) | 0.81(0.05)
(50,50) | 0.80(0.06) | 0.81(0.04) | 0.80(0.03) | 0.80(0.03) | 0.81(0.03)
a1 | (100,100) | 0.79(0.05) | 0.80(0.03) | 0.80(0.02) | 0.80(0.02) | 0.80(0.02)
(25,50) | 0.79(0.07) | 0.79(0.05) | 0.78(0.05) | 0.78(0.05) | 0.78(0.04)
(50,100) | 0.78(0.06) | 0.78(0.05) | 0.78(0.03) | 0.78(0.03) | 0.78(0.02)
(25,25) | 0.56(0.10) | 0.55(0.08) | 0.58(0.06) | 0.58(0.06) | 0.58(0.06)
(50,50) | 0.57(0.06) | 0.58(0.06) | 0.58(0.05) | 0.59(0.04) | 0.59(0.04)
a1 | (100,100) | 0.58(0.08) | 0.60(0.05) | 0.59(0.03) | 0.60(0.03) | 0.59(0.02)
(25,50) | 0.53(0.10) | 0.54(0.08) | 0.55(0.07) | 0.55(0.06) | 0.55(0.06)
(50,100) | 0.56(0.08) | 0.56(0.06) | 0.57(0.04) | 0.57(0.04) | 0.57(0.04)
(25,25) | 0.83(0.07) | 0.80(0.06) | 0.81(0.05) | 0.81(0.04) | 0.81(0.05)
(50,50) | 0.81(0.05) | 0.81(0.04) | 0.80(0.04) | 0.81(0.03) | 0.81(0.03)
@1 | (100,100) | 0.79(0.04) | 0.80(0.03) | 0.80(0.03) | 0.80(0.02) | 0.80(0.02)
(25,50) | 0.83(0.06) | 0.83(0.04) | 0.81(0.04) | 0.82(0.03) | 0.82(0.03)
(50,100) | 0.82(0.04) | 0.82(0.04) | 0.82(0.03) | 0.82(0.02) | 0.82(0.02)
(25,25) | 0.55(0.09) | 0.57(0.08) | 0.57(0.06) | 0.57(0.06) | 0.58(0.06)
(50,50) | 0.57(0.06) | 0.57(0.06) | 0.59(0.05) | 0.59(0.04) | 0.59(0.04)
Q2 | (100,100) | 0.60(0.06) | 0.59(0.05) | 0.60(0.04) | 0.60(0.03) | 0.59(0.02)
(25,50) | 0.58(0.08) | 0.60(0.06) | 0.62(0.05) | 0.61(0.04) | 0.61(0.04)
(50,100) | 0.60(0.06) | 0.61(0.05) | 0.61(0.03) | 0.62(0.03) | 0.62(0.02)

Table 4: The mean and standard deviation (in brackets) of the estimated factor strengths for Setting (II)
under matrix factor models. The true factor strengths are o; 1 = g1 = 0.8, @12 = a2 = 0.6.

specific hours on each day. As an example, we utilize data from 10pm to 12am on each non-business day,
representing taxi traffic patterns during nighttime (Chen et all, 2022, |Chen and Land, 2024). We analyze
the non-business-day series within the period from January 1, 2011, to December 31, 2021, encompassing
1248 days. Thus, X; € R%9*69 for each day, where Tiy ip,+ Tepresents the number of trips from zone 4; (the
pick-up zone) to zone iy (the drop-off zone) between 10pm and 12am on day ¢. Similar analysis can be

conducted to examine traffic patterns by aggregating data from other hours as well.

Chen and Lam (2024) utilizes their bootstrapped correlation thresholding method to estimate the
number of factors for both pick-up and drop-off locations, resulting in 71 = 7> = 3. This observation
suggests the potential existence of weak factors, as opposed to other rank estimators designed to analyze
only pervasive factors, all of which yield 7, = 7y = 1 (Barigozzi et all,2023b,|He et all,[2023,12022, [Yu et all,
2022). To assess the factor strengths for these potential weak factors, we incorporate 71 = 7y = 3 in our

analysis.

To estimate factor strengths, we first obtain estimators of Ql and Qg using the pre-averaging and

iterative projection method proposed by [Chen and Lam (2024). This method is specifically designed to
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provide more accurate estimators of the factor loadings particularly in the presence of weak factors. Sub-
sequently, using the estimated Ql and QQ, we calculate the estimated factor strengths using the method
outlined in Section[3l The heatmaps of the loading matrices A; (for pick-up locations) and As (for drop-off
locations) are shown in Figure [[] and [2] respectively. The estimated factor strengths &y ; are summarized

in Table

Q11 | Q12 | (013
1.39 | 0.65 | 0.50
Q21 | Q22 | Q23

1.40 | 0.82 | 0.63

Pick-up Factors

Drop-off Factors

Table 5: Factor strengths estimators for NYC Taxi Traffic Data.

From Table [ both @1 and @21 have values greater than 1, indicating that the strongest factor
for both the pick-up and drop-off loadings should be pervasive with C' > 1. This observation is further
supported by Figure [[] and Figure 2] where both figures show that the first factor has a large number of
elements that are not close to zero. Specifically, both factors load most heavily on East Village, where a
significant number of arts, music venues, and restaurants are located. Moreover, the values of &;,1 and
Q2 are very close because di = dg and m = rg, and the identifiability condition (B.I5]) assigns similar

strengths for the strongest factors to both modes. This alignment is reasonable in practice.

Furthermore, it can be observed from Table [l that the estimated strengths of the second and third
factors for both pick-up and drop-off loadings are much less than 1. This suggests that these factors are
likely to be weak (non-pervasive), a conclusion supported by Figures [Il and 2 as well. In these figures,
the second and third factors exhibit certain localized behavior, with many entries near zero. Specifically,
Factor 2 in the pick-up loadings loads heavily on Penn Station, a major transportation hub, while Factor
2 in the drop-off loadings loads heavily on the Lower East Side, known for its nightlife and entertainment
venues. Furthermore, both Factor 3 in the pick-up and drop-off loadings highlight Times Square/Theatre
District, another popular tourist destination and hub of nightlife activity. It is also important to note that
sparsity alone may not fully account for the presence of weak factors. For example, Factor 2 in the pick-up
loadings demonstrates greater sparsity compared to Factor 3, yet it exhibits stronger estimated strengths.

This suggests the potential weak influence of certain factors on some or all observed variables.
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Figure 2: Loadings on three dropoff factors.
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5 Appendix

Proof of Theorem[1l To start with, note that (2:2) can be written as

S = S11 + S12 4 So1 + Sa,

where
~ FTF ~
S11:=Q'QD'? < - ) D'2Q"Q,
~ FTE\ ~
S12:=Q'QD'? < = ) Q,
. /E'F N
Sa1 ZQT< T )Dl/QQTQa
~ ETE\ ~
Sa2 1= QT< T )Q
For each j = 1,--- ,r, we have a; = log@j) = 28650 Thys, we need to bound the distance between
J log(d) log(d)

5j; and dj. We start with S11 which contains the true signal part. Denote M := QTQ, then we can further

decompose S1; as
S11 =811,1 +8S11,2 +S11,3 + S11,4,

where

F'F
Sll,l - D1/2 ( 7 ) D1/2,
>D1/2(M—IT)T,
F'F
D1/2MT
)

Si14:=(M—-1,)D'/2 (FTF) DY2(I, — M)".

81172 L= 1\/ID1/2 <

Si13:=(M-1,)D?

By Assumption (V2), the diagonal entries of FTTF are all bounded with constant magnitude O(1).
Thus, (S11,1);; < df, which incorporates the true factor strengths. The estimation errors between 5;; and
df;‘ comes from the diagonal entries of all remaining terms Si1,2,S11,3, 11,4, S12, S21, S22, and we bound

each of them accordingly.

Note that S11,2 + S11,3 is a symmetric matrix, so by the Schur’s majorization theorem, max; [(S11,2 +
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S11.3)j51 < [A1(S11,2 +S11.3)| < [|S11,2 + S11.3]], and

F'F
112+ sl < 2™l D] HTH IM-1|

<d*' M- L

= Op(d™),

where the last step follows as HM — ITH = HQT(Q — Q)H < HQ — QH = Op(d®*—*1). Thus, max; |(S11,2 +
S11.3)55] = Op(d®"). Next,
F'F
ISl < 10 |[Z 2 -

<am M-
— OP(dQchfal)

= Op(d™),

and max; |(S11,4) ;] < [A1(S11,4)] < HSUAH = Op(d®") since S11,4 is also symmetric. Similar steps can be

applied to deal with Si5 + S21 and Sao, respectively, since they are both symmetric matrices. We have

812 + 1| < 2D

FTE
T

FTF E'E
1/2
SCRNESNES
o d
< Op <d21 (1+\/;>>

and

E'E d
HS22H < HTH =Op <1 + T) )

Thus, max; [(S12 + S21) ;5| = Op <d% (1 + ﬁ)) and max; |(Sa2) ;| = Op (1 + %) Finally, we have

~ o |log(555) — log(d*)
aj —aj| = log(d)
— iog (Sr)si + (Su12 +S11.8)j5 + (S11.a)js + (S12 + S21)j5 + (S22)s5 1 (5.20)
] 4 log(d) '
= |log (Cdaj [+ (Su2 +811,3)55/d™ + (S11,4)55/d + (St2 + S21)/d* + (322)‘717'/daj]) 1
_ " los(d)

_ log(C) +log(Rs)
log(d) ’
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where C' is a constant, and

R, =1
+ 7o

(S11,2 + S11.3); n (S11,4)55 n (S12 4+ S21)j5 n (822)3‘3"

dei d%i d®i

We have obtained the upper bound for each term in Ry, such that

(S11,2 + S11.3);
d%i
(S11.4)j;
d%i
‘ (S12 4 S21)j;

d%i
’ (S22) 5

d%i

= Op (d* ™) < Op(1),
= Op (d* ™) < Op(1),
= 0p ((@¥F 7)1 +d"°T7%)) 2 0p(1),

=Op (d™*(1+dT™1)) = Op(1),

(5.21)
(5.22)
(5.23)

(5.24)

where the last two lines follow from Assumption (V5). Therefore, Ry = Op(1) and |&@; — ;| = Op(1/log(d)).

This completes the proof of Theorem [Il [

Proof of Theorem[2 We use the same definitions of S11 1, S11,2,S11,3, S11,4, S12, S21, S22 as in the proof

of Theorem [l Define f; = [f1;,-- -, frj]”

€ RT. If C = 1, then

(Si11)y; = d* (E [%} + Op < Var [f];ij)

= d% +d* Op

E [(£7;)?]
—7z )

since E[f;]2 = 1 for any ¢ € [T],j € [r] by Assumption (V2). Next, we have

where z is a random variable with mean 0, variance 1, and uniformly bounded fourth moment. Let

B € RT*T to be a matrix such that (Bf1)ss = Zq>0 agaif‘tfs‘. Then

T

< —
Byr)ts <T|By7lh ngxgl |(By,7)es]

T
<20 | alal, | <27 (D al

v=0 ¢>0 q>0
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Thus, Et 125 1 Eq>0 pY q = S‘E( 2*) = O(T). Next, since E(22) =1,

2
T pF#q—|t—s| T T T T
2 2 22 2 2
D2 D e |EE? <Y D (DD agap | <D0 | dag| <T
t=1s=1 \qg>0 p>0 t=1s=1 \ ¢q>0p>0 t=1s=1 \¢>0

Moreover, since E [(£7f;)?] > T by definition, we will also have DD Dy (ZqZO ngg sl aza 12)) E(z%)? >

T? — O(T). Thus, we finally have that E [(ff;)*] = T% + O(T), so
(S114)js = d™ +d™0p (T7F) |

and we can define (§1171)jj = (S11,1)j; —d* = Op (do‘f T_%>. From (5.20), using the same notations, we

have
6 — ] = 1og ((S11:)as + 112 +811,)s5 + (Su1.4)s5 + (S1z + Sy + (S22 !
J J d%i log(d)

= |lo d® [1+4rs] 1
T log(d)
_ log(147y)
- log(d)

where

rs = (S11,1)55/d™ + (S11.2 + S11,3);5/d% + (S11,4);3/d° + (S12 + S21)j5/d + (Sa2);5/d™ . (5.25)

If 75 is small such that rs = op(1), then log(1 + r5) = r5 + O(r?), so we can achieve a convergence rate

such that

|a; — o] = O(rs /log(d)). (5.26)

Note that (Sy1.1);5/d* = Op (T=1/%) = op(1) as T — oo. Also, from (G2I) to (E24), if Assumption (V5’)

is satisfied, then for any j such that o; > a;,

‘(Sﬂﬁ%ﬁn = O (d* ) < 0s(1), (5.27)
Buahi)  0p (@) < 0n(1), (5.28)

‘ (S12 jl—%szl)jj = Op ((d"‘ —e5)(1 4 dl/QT*—)> < op(1), (5.29)

’ B22)is |~ 00 (a0 (1 + a771)) 2 02(1), (5.30)
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so we can show (23] by substituting (G27)(E28)(G29)(E30) into (B28) and ([E26). Furthermore, if

Assumption (V4’) is also satisfied, then for all j € [r],

‘W = 0z (4 < 0p(1), (5.31)
}(Sldlo,j)jj — op (dar—aj) < op(1), (5.32)

and we can show ([2.9)) by substituting (5.31), (£.32), (529), (5.30) into (E25) and (G.26). This completes
the proof of Theorem [2l (I

Before presenting the proof of Theorem [3] we first state the following Lemma.

1/2
Lemma 1. Denote g1 := tr(D1), g2 := tr(D2). From (3108) and {3-17), denote g1 : (M ”dl)

r2d2

s & 1/2
and §o := (% . :igf) . Then, under Assumptions (M1) - (M5), if the identifiability condition
(313) holds, we have

tr(S r(S
(Su) =1+op(1), (S2) =1+op(1)
9192 9192
and thus,
9 g2
— =1+4op(1 s = =1+op(1 )
91 p(1) g2 e(1)

which means g1 and go are ratio-consistent estimates of g1 and go, respectively.

Proof of Lemma [0l We prove the results for ¥ = 1 WLOG, and the results for k¥ = 2 will similarly

follows. Similar to the proof of Theorem [I, we start by writing (B.11) as
Si =S +siy +8 +s%,
where
sty :=QiaDy* | - D2F5> D;*QiQu.

D”b’;ET) Qi



Let M; := QTQl, we can further decompose Sgll) as

1) 1)
Sgl = S11 1t S11 o T S11 3t S§1,4v

where
sy, : =Dy/? ( ZFthFT> D2
t=1
1 T
S R T
8511)3 =(M; -1L,) 1/2< ZFtDzFT> 1/2MT,
stV =M -1, 1/2< ZFtDQFT> D21, — M,)".
Thus,

~

tr(S1) = tr(S1Y,) + tr(S1Yy) + tr(STYy) + tr(ST) + tr(S1) + tr(S5Y)) + tr(SH).

Next, we want to show that tr(S1)
have

T T
(S =™ Z (Z df)
=1

=dy = Z]E <Z d"‘“ftji> +d0p | (| Var

For the first term in (534)),

71

T
W Z (Zd?”f&)—Cdi“*ftr(m),

1 .
=Dy = 14 op(1). We start by tr(Sgl))l), For each j =1,---

(5.33)

, 1, We

(5.34)

where C is the constant such that [|aj;||> = Cd}'’. For the second term in (5.34), denote fj; =
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[fijis- frji)™ € RT, then

1 T Ty . T2 s ZT: f2‘i
T; (;% ' f%z>] :Zd2 i Var( t% tj )
s fo
= ngmop(T*1
i=1

= tr(Dy)Op(T 1),

where the second last step follows from the proof of Theorem [2 by simply replacing f; in the proof of
Theorem [2 with f;; here. Thus,

(S$11)15 = tr(Do)Cdy™ + [tr(Dy)]/2d5™ Op (T71/2). (5.35)
Therefore,
tx(S1,) = tr(D1)ix(Dy) + tx(Dy)[ex (D) 206(172)

and the dominating term in tr(Sgll)J) is tr(D1)tr(D3). In other words,

tr(sgll),l)

DDy LTl

Next, we show that tr(Sgll)J) is dominating all remaining terms in (5.33]), such that all remaining terms are

dominated by the rate tr(D1)tr(D2) =< di"'dy>". We have

1 T
T > FD,F}

t=1

ZFD2

T
af, [e% d o
tr(8{) + tr(S5) < 21| DY ( > IF| D3| |Et|> <ri0¢ (dﬁldﬁ N T) <dy g,

1 T
7> EE!

t=1

tr(S{Y,) + te(S{3) < md™ My — L, || < rdy g op(1) < dy g™,

(1Y) < mdf™ My = L, ||° < mdf g op(1) < d7 dy,

d o
tr(S5) < 1 =r10p (dg—f—?l) < dyttdy?t,
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where the last two equality follows from Assumption (M5). Therefore, from (533)), we have

~

tI’(Sl)
t

DDy LTl

which proves the first part of Lemma [l for £k = 1. We can similarly prove the result for & = 2, then we will

also have
tr(Sy) + tr(S1) | /2
=1 1).
r(D1)tr(D2) +ox(1)
Thus,
~ (S (S T rid
B _ \/t ( 1)+t (51) T;g; \/9192(1 + op(1)) 7L _ g3 (14 op(1)) — 1+ op()
9 9 9 9 ’

where the second last step equality follows from the identifiability condition (.I5) that %~ = -2-. This

completes the proof of the second part of Lemma [l for £ = 1. Similar arguments can be applied to prove

the results for k = 2. Thus, we complete the proof of Lemma [l O

Proof of Theorem[3 We prove the results for k = 1 WLOG, and the results for k£ = 2 will similarly

follows. Recall the definition of 8511)11, Sgll)z, 8511)13, Sgll)A, 8512), Sgll), SéQ as from the proof of Lemma [l

For each j =1,--- ,71, we have (Sgll),l)jj contains the true signal part, and from (535]), we have
(S11)is = di" ((D2)C + [x(D2)] V20 (T71/2) )
and we can further define
(S0 1= (811)y — tr(Da)d™ = (C = er(Da)d;™” + Op (T [x(D2)]/2).

Next, we bound the terms S11 2 S11 3 Sgll) 4> 8112), Sgll), S5 () accordingly. Similar to the proof of Theorem

I we have
1z
81z + 8l < 2™y fZFtD2FtT My~ L.,
t=1
< -
< op(d* T dS> ),
where the last step follows as HMl - In” = HQT(QI - Ql)H < HQl - Ql” = op(dy"™ "), Thus,
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max; |(S§1 2t Sll 3)iil = op(dy" " dy™"). Next,

837l < [P [

1 T
T > F/D,F}

t=1

S N

< op(dy T dg?t),

and thus max; |(S{} ' 4)ii] = op(dy " dy*?). Similarly,
d d
I8 < | o mom | = 0 (o ).
and
o + s <21y (33 oy e
1/2 1/2 1 < F7F, 1 & E.E}
< 2|Dy"7| D] f; T T; T

11 @2 dq
SOp | dit dy? y[dat

«1,1 2,1

Thus, max; |(S(1) + S )”| =Op (dl Zdy [dg + %} 1/2> and max; |(S§2))jj| = Op (dz + d—Tl)

Now, we have oy j = log((gl)jj/ﬁg)/log(dl). Thus,

a _ 1Og(( 1)j;/92) — log(d*+9)
|Oél,] Oél)]| = log(dl)
1 1 1 1 1 . )
— o (S§1),1)jj + (551)72 + Sglig)jj + (S§1)4)jj T (ng) i Sgl))jj N (822)_§‘j) X
: deal \d log(dl)
g2da1,j [1 + Tgl)}
= |log -
Gady ™ log(dh)
where
~1 1
r() = (Sgl)’l)jj (S 12+ Sll 3)ii n (Sgl)A)jj (S( ) 4+ S(l)) (S%))jj (5.30)

g2dy™ g2dy ™ gody g2dy™ gody™
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. . 164 .
For each term in since g9 =< d5 >, we can obtain
9 2 I

(8715 -5t
—i2 = Opld; TV 40 —-1=<0p(1) +C 1,
920,
S(l) + S(l) . a oy
(11);265—0‘1,11’173)” = op(dll’r1 l’j) =op(1)
1
(8745 a1y —an
7’_ = d L 7 _< 1 9
godi ™ or(dy ) Sor(l)
(1) (D) . a1,1 o2
(81292—;—06813_1)” =Op <d12am dy 7 [d2+ dl/T]1/2> = op(1),
1
Sy e d
;23%‘7; = O]p (dl I’Jdg 2’1(d2 + %)) j O]P(l)’
1

where the last two formulas follow from Assumption (M5). Finally, if C' # 1, then the constant C' — 1

dominates rgl), and thus

o, — a4 =

log (92 © ‘/;\‘20?(1)])

log(d1) ™" = Op <11;>gg((§:))) =Or (logéd1)> .
(1)

If C =1, then we have 15’ = op(1), thus log(1+r,) = 75 + O(r?), and we have a faster convergence rate of

)

a1 —ay il =0p | —2—

a1, — a1,5] = Op Tog(d)
2,1

a1 OL1 o %21 -1, g~
o d?lml—al,j o dz—TT—l/z +d;® I’sz 2 [d2 + dl/T]1/2 +d; 1’]d2 2’1(d2 + %)
log(dl) log(dl)

This completes the proof of Theorem Bl [
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