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THE NUMBER OF CLIQUES IN HYPERGRAPHS WITH FORBIDDEN
SUBGRAPHS

AYUSH BASU, VOJTECH RODL, AND YI ZHAO

ABSTRACT. We study the maximum number of r-vertex cliques in (r — 1)-uniform hy-
pergraphs not containing complete r-partite hypergraphs Kr(rfl)(al, ...,a,). By using
the hypergraph removal lemma, we show that this maximum is o(n”~'/(¢1¢2-1)) This
immediately implies the corresponding results of Mubayi and Mukherjee and of Balogh,
Jiang, and Luo for graphs. We also provide a lower bound by using hypergraph Turan
numbers.

1. INTRODUCTION

Given integers r > 2 and n > 0 and two r-uniform hypergraphs 7" and F', let ex(n, T, F)
denote the maximum number of copies of 7" in any F-free (i.e., not containing F' as a
subgraph) r-uniform hypergraph on n vertices. The case when T is an edge (i.e., T = K3)
is the Turdn problem ex(n, F'). The parameter ex(n, T, F') has been studied for different
choices of graphs T" and F' by many authors (for example, see [1} 2] 4], [7, O, 10} 14}, 17]).

Given an r-uniform hypergraph F' with vertex set V(F) = {vy,..., v}, let F(ay, ..., ap)
denote a blowup of F, i.e., the hypergraph obtained from F' by replacing each vertex v;
by a set V; of size a;, and every edge {v;,,...,v;.} by a complete r-partite graph on the
vertex sets Vi,,..., V. If ay = --- = a; = a, then we denote F(ay,...,a;) by F(a). We
denote by Kﬁr)(al, ..., a,) the complete r-partite r-uniform hypergraph with a4, ..., a,
vertices in its parts. In this note, we consider the parameter ex(n, T, F'), when T is an
r-uniform hypergraph, and F' is a blowup of T

This problem is related to the following classical result of Erdés [5] on the Turdn number
ex(n, Kﬁr)(al, ...,a,)). It states that given integers r > 2 and 1 < a; < --- < a,,

ex(n, K" (ay,...,a,)) = O(n'~V/(@ar—1)y, (1)

Given 2 < i < r and an r-uniform hypergraph F, the s-uniform shadow 0®)F of F is an
s-uniform hypergraph on V(F') whose edge set consists all s-subsets A C V(F') such that
A C B for some edge B € F. We observe the following simple fact (and will prove it in
Section [2)).

Fact 1. Given r > 3 and an r-uniform hypergraph F', we have
ex(n, K, 0P F) <. <ex(n, K'Y 0" "VF) < ex(n, F).
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Fact [l and (Il) together imply that, given positive integers r > 3 and a; < - -+ < a,,
ex(n, KU, KU (ay, ..., a,)) < ex(n, KO (ay, ..., a,)) = O =@=o0), (2)

In [I7], it was shown that the upper bound in (2)) can be improved in the case where r = 3
and a; = 1. We extend their result in the following theorem.

Theorem 2. Given positive integers r > 3 and a1 < --- < a,, we have,
ex(n, K'Y K" Y(ay, ... a,)) = o(n 1/ @a—0)y, (3)
Further, given integers a > 1, £ > r, and any (r — 1)-uniform hypergraph F on € vertices,
ex(n, F, F(a)) = o0 <né_7> . (4)
By Fact Il Theorem ] also implies the following recent result in [2] about the number
of copies K, in graphs without certain complete r-partite subgraph.
Corollary 3. Given integersr >3 and 1 <ay < --- < a,,
ex(n, K,, K, (a1, ..., a,)) = o(n"~Y/(@r-ar-1)y,
The following lower bound complements Theorem 2] (and will be proved in Section [3)).

Proposition 4. Given integers 1 < a; < --- < a,,
ex(n, K"V K" Y(ay,...,a,)) = (n - ex (n, K" Vay,. .., a,,_l)>) . (5)

Observe that if a; = -+ = a,_1 = 1 and a, > 2, then the right hand side of ([f)) is
zero and hence the lower bound is trivial. In this case, a construction in [§] implies the
following lower bound. Let 7,.(n) denotes the size of the largest subset of [n] that does
not contain an arithmetic progression of length 7.

Proposition 5. For every r > 3,
ex(n, K'Y Kr=Y(1,...,1,2)) > n"2r(n).
For the proof of Proposition [l see Section 3.

2. PrROOF OF FAcCT [Il AND THEOREM

In this section, we will prove Fact [l and Theorem 2]
Proof of Factldl. Tt suffices to show that, for every 2 < s <r —1,
ex(n, K, 09 F) < ex(n, K&t 9+ ),

(trivially 07V F = F). Indeed, let G be an 9*) F-free s-graph on [n] with ex(n, K 0@ F)
copies of K. Let H be the (s + 1)-graph on [n] whose edges are (s + 1)-sets that span
a copy of Kéi)1 in G. We claim that H is 9t F-free. Suppose instead, that H contains
a copy of OV F on some set S C [n] under a bijection ¢ : V(F) — S. Consider an s-set
A€ O®F. We know A C B for some B € 9TV F. Thus, ¢(B) € H by the definition of
¢ and consequently, ¢(A) € G by the definition of H. This implies that S spans a copy
of 0¥ F in G, contradicting that G is 9 F-free.
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Furthermore, it is easy to see that for any r-subset S C [n], S spans a copy of K in
G if and only if S spans a copy of K*™ in H. Thus, the number of K™Y in H equals
to ex(n, Krs L0 F), the number of K\ in G. Since H is 0¢*+V F-free, we conclude that

ex(n, K&, 00 F) < ex(n, K™, g6+ ). O

Before proving Theorem 2] we will fix some notation that we use for the rest of the
section. We call r-uniform hypergraphs r-graphs. Given an (r — 1)-graph G and a vertex
v € V(G), let G(v) be the (r — 1)-graph with vertex set V(G) \ {v} and

{v1,..., 001} € G(v) if {v,v1,...,v,_1} induces K"V in G.
For a positive integer a, let G(v)N-- -ﬂG(va) be the (r —1)-graph with vertex set V(G)\

{v1,...,0} and edge set consisting of all {wy,...,w,_1} such that {v;,wy,..., w1}
induces a K" for every i € {1,...,a}.

In the following proofs we will use the hypergraph removal lemma, which we state below.

Lemma 6 (Hypergraph Removal Lemma [I8| I1]). For every r > 3, ¢ > 0 there exists
0 > 0 such that for every r-uniform hypergraph G on n vertices the following holds. If

G contains at least en™~\ edge disjoint copies of K"V, then it must contain at least on’
copies of K'Y

We also need the following simple claim.

Claim 7. For every positive integer a, v > 3 and (7’ — 1)-graph G on n wvertices, the

following holds. If .7 is a collection of cliques K ofG such that every edge e € G 1s

contained in less than a cliques of 7, then G contains at least T(L_|1) edge disjoint copies

of KoY.

Proof. For G and .# satisfying the above assumptions, let ., C . be a maximum
collection of pairwise edge disjoint cliques K"V in .7 and let & be the union of edge
sets of the cliques in .#;. Clearly |&| = r - |.#;|. Since by assumption, each edge e € &
is contained in at most (a — 1) cliques K™Y in 7, there are at most (a — 1)r|A|
cliques in .# containing some edge of &. Due to the maximality of .7, it follows that

F| < (a—1)r|#]| and thus |.#; > M' O
| s

Now we prove Theorem 2l

Proof of Theorem[2. Fix r > 3 and integers a; < --- < a,. We first consider the case
when a,_; = 1. Let ¢ > 0, and let G be a K,(T_l)(l, ..., 1,a,)-free (r — 1)-graph on n

vertices. Assume by contradiction, that the collection.# of all K™V in G has size at least

en™ 1. In view of Claim [Tl G must contain at least &/n"~! edge disjoint copies of K\~
where ¢/ = ((a, — 1)r)"'e. By the hypergraph removal lemma, this implies that there

exists some 0 > 0 (depending on ¢’) such that G contains on” copies of KoY, However,
this contradicts (2I).

Next, we consider the case where a,_; > 2. Let G be a K,(«T_l)(al, ..., ay)-free (r—1)-graph
on n vertices. First we will show that for every {v,...,v,._,} € V(G), the (r — 1)-graph
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Gv)N---NG(va, ) is K"V (ay, . .., ar_s, a,)-free. Indeed, given {vi, ..., v, _,} € V(G),
assume by contradiction, that the (r — 1)-graph G(v;) N--- N G(v,, ,) contains a copy of
Kf:l)(al, ..., Qp_9,a,) With the vertex set Vi U V- U V,_o UV, where |V;| = a;. Let
Vi_1:={v1,...,v4_,}. Then the r-partite graph on V3 UV,---UV, in G forms a copy of
K,(f’_l)(al, ...,a,), a contradiction.

Consequently, for every {vy,...,v,. ,} C V(G),

IG(v)) NN Goa_ )| <ex(n, K" ay,... ar_0,a,)) = O (n—l——) . (6)

Our goal is using the above fact to obtain a large collection of edge disjoint K'Y in G.
To this end we consider the family o7, elements of which are collections of a,_; copies of

K™Y that share an edge of G. More formally,
o ={{Ty,.... T, }: ;=2 K" Yand T\, Ty, ..., T, , share an edge of G}.

» - Ar—1
Next we give an upper bound on the size of &/. Given any element in &7, there exists
vertices {vy,..., v, ,} € V(G), and an edge e € G (in particular, e € G(vy) N---N

G(va, ,)), such that e U {v;} form a K™Y for every 1 < i < a,_;. Consequently,
the cardinality of &7 can be bounded by the number of pairs ({vy,...,v,,_,},€) with
ee€ G(vy) N---NG(vg, ). Thus in view of (@),

wws(
a.

In order to prove (B)) of Theorem [ assume by contradiction, that G contains N =
Q(nr=Y(@r=a-)Y copies of K V. We will find a collection .# of cliques K" " in G
satisfying

" ) |IG(v)) NN G(vg,_,)] <n" O (nr_l_ 0‘10‘2"1'“7'72) i (7)

r—1

7| =Q(n"Y) and SNy =0, (8)

i.e., for every S C .# with |S| = a,_1, S is not an element of </. Note that if |&7| < N/2,

then one can obtain . from the collection of K" ™" in G , by deleting a copy of KUY for

each element of .«7. Thus, £ (-1 N7 = ) and |.#] is at least N/2 = Q(n"— /(@ ar-1))
which is bigger than Q(n""1).

Now we consider the case where |«7| > N/2. Let I be a random subset of copies of K=Y

where each copy of K"V in G is chosen with probability p > 0 independently. Let I(@r-1)
denote the collection of a,_i-subsets of I. We have that,

E[I| - [ N1“V]] = pN — p*~'|.o7|.
Let p be chosen such that, p®~'|.</| = pN/2, which implies

L e
p=(ﬁ) <1, (sice N<2ler]) and  pN = —
(2] |) 7

Consequently, there exists a choice of .#’ such that,

N
)~ (.50 5 P
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Let .# C .#' be the collection of K"V of G formed by deleting one K" in .#’ from
every a,_; subset in ./ N .#"%-1) Consequently, &7 N .#(%-1) is empty. Further,

ar—1
ap_1—1
.7 > pN __ NwmT 9)

2 @)

Using the value of N (by assumption) and |<7| in (), the exponent of n in the RHS of
@) is equal to,

1 Ar_1 1 1
r— — (a1 +7— 1-
1203+ Qp_1 ) Gp_1 — 1 ay--+Qp_g) ap_1 — 1

:CLT_lr—CLT_l—(T’—l):T_]_
a,,_l—l

Y

which implies || = Q(n"~1). Hence .# satisfies (8.

Next we obtain a family of edge disjoint K™V in G from .. By construction, .# is a
collection of cliques KUY in @ such that every edge e € (G is contained in less than a,_;
cliques of .#. In view of Claim [7], this implies that G contains at least |.Z|/r(a,—1 — 1)

edge disjoint copies of K\~ Since |.#| = Q(n""1), this implies that G contains Q(n" )

copies of edge disjoint K" Y.

To summarise, this implies that given any € > 0, and (r — 1)-graph G on n vertices that
is Kr(r_l)(al, ..., a,)-free the following holds. Assuming by contradiction that G contains

N = en/~Y(@a-1) copies of Kr(r_l), there exists some ¢’ > 0 (depending only on ¢, r, a;)

such that G contains e'n”"~! edge disjoint copies of K, By the hypergraph removal

lemma, this implies that there exists some 0 > 0 (depending only on €, 7, a;) such that

G contains dn" copies of K" V.

K Yay, ..., a,). Thus (@) holds.

In view of (2)), however, this implies that G contains

Now we prove the upper bound in ) on ex(n, F, F'(a)) for any given (r — 1)-graph F.
Label the vertices of F vy,...,v,. Let G be an F(a)-free (r — 1)-graph on n vertices,

and assume by contradiction, that G contains N = Q(ng_a‘%l) copies of F. Given an
(-partition of V(G) = WU ---LUW,, we call a set X C V(G) crossing if | X NW;| <1 for
1 <i < ¢ We call a copy of F'in G on a vertex set {z1,...,z,} aligned with respect to
WyuWeld---UWyif

(1) z; e Wi fori=1,2,...,¢, and

(2) z; — v; is an isomorphism.

We will denote such a copy by ? A simple averaging argument yields that there exists
a partition of V(G) = W, U --- U W, with at least /~*N copies of F.

Let 2 be an auxiliary (-partite (¢ — 1)-graph with vertex set Wi U --- L W,. Let the
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edges of S be those crossing (¢ — 1)-tuples that extend to a copy of ? Formally,

¢
H = |_| {(Ij)je[e}\{i} . there exists x; € W; such that (z1,...,x/) is a copy of ?} )

i=1

Note that each aligned copy ? in G forms a K éé_l) in 2. Consequently, the number of
_ _ 1
copies of Kéé Yin A is at least ((~)N = Q(n'~a07).

By the first part of Theorem 2] this implies that .7 contains a copy of K ée_l)(a) with
vertex sets U; C W; for 1 < i < /{. Let (xy1,...,2¢) € Uy X ---U,. Since £ > r, for every
edge {vi,,...,v;_,} of I, there exists an £ —1 subset S C [¢] such that {i1,...,i,_1} C S.
By definition of J#, the tuple (x5 : s € S) must extend to some copy of F', which implies
{zi,...,x; _,} must be an edge in G.

Consequently, for every (x1,...,xy) € Uy X - - - Uy, we have that the subgraph of G induced

by {x1,...,x,} contains an aligned copy ? This implies that G contains a copy of F'(a),
contradicting the assumption that G is F'(a)-free. O

3. LOWER BOUND CONSTRUCTIONS

In this section, we will prove Propositions [4] and

Proof of Proposition[f] We construct an (r — 1)-graph H whose vertex set is partitioned
into A U B such that
e |[A|=n/r and |B| = (r — 1)n/r;
e H[B]is K'7"(a1,...,a,_1)-free and has ex(™=tn, K" Way, ... a,_1)) edges;
e every vertex of A and every (r — 2) - subset of B form an edge and there are no
other edges intersecting A. In other words, the link of every vertex in A is the
complete (r — 2)-graph on the vertex set B.

The number of K"V is at least Zex(™=tn, K" (ay,...,a,_1)) because every vertex of

A together with any edge of B form a copy of K"V It remains to show that H contains
no K,(ay,...,a,;). Assume by contradiction, it does. Since there is no edge containing
two vertices from A, and a; < ay < --- < a,, the subgraph induced by H on B needs to

contain a Kr(r__ll)(al, ..., a,_1), thus contradicting the construction of H. O

The proof of Proposition [l is based on a construction given in [§].

Proof of Proposition[3d. In the proof of [8, Proposition 2.1], it was shown that for every
r > 3, there exists an r-partite r-graph H with parts Vi,...,V, satisfying the following
properties.

(1) For every {x1,...,2,_1} C V(H), there exists at most one edge in H containing
{ZL’l, Ce ,LUT_l}.

(2) For every collection of subsets {{z;,y;} CV;:1<i <r}, thereexist 1 <i<r
such that {z1,..., 2z} \ {z;} U{y;} is not an edge of H.

(3) H has (r — 1)rn vertices and n"~?r,.(n) edges.
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Let G be the (r — 1)-uniform shadow of H, i.e., G = 90""YVH. We claim that G is
KU Y(1,...,1,2)-free and contains n"~2r,(n) copies of K" V. Since G is the shadow of

H | the number of copies of K™V in G is at least the number of edges in H.

While the edges of H correspond to a collection of edge disjoint cliques (“real cliques”) in
G, we will now show that G contains no other cliques KUY, Assume by contradiction
that {x,...,z,.} induces such a “fake clique” K,(T_l), ie., {z1,...,z.} ¢ H but induces
a K'Y in G. Since every edge of this clique belongs to some “real clique”, for every
1 < i < r, there must exist y; # x; in V; such that {zy,..., 2.} \ {=;} U{y;} € H,
contradicting (2). Consequently, by (1), no two K™V in G share an edge and hence G
is K'V(1,...,1,2)-free. 0

4. CONCLUDING REMARKS

2 the lower
- < a, for

As mentioned earlier, in the case where a; = --- = a,_1 = 1 and a,
bound in (f) is trivial. We ask if there are other sequences of integers a;
which (B]) can be improved.

>
<

Question 8. Given integer r > 3, for what sequence of integers 1 < ay < --- < a,,

ex(n, K"V K Y(ay,... a)) > n'*e - ex (n, K" ay,. .., ar_1)>

T
for some e = e(n) > 07

The order of magnitude for ex(n, K"V, K" ™(ay, ..., a,)) is not known in any non-
trivial case. The case when r > 3 and a; = - -+ = a, = 2 is related to a problem of Erdos,
see, e.g., [3, 12, 13]. Theorem [2 and Proposition [ together with the lower bound in [3]
imply that

T

T’—[Ll*l-‘ 1 1 R
Q(n Tt <ex(n, K'Y Kr=Y(2,...,2)) <o (nr 2“1) .

It was conjectured in [16], that ex(n, Kr(:l)(al, oy p)) = Q(nr 1Y @ar—2)) - Thig
was confirmed for some cases in [I5], [16]. If this conjecture is true, then Theorem 2] and
Proposition ] would imply that,

Q(nr—Y(@ar—2)y < ex(n, K=Y K Y(ay, ... a,)) < o(n Y/ (@ar-0)y,
When a; = --- = a, = a > 2, one can obtain that ex(n, K" (a)) = Q(n—1-=D/(@'=1)

by using the probabilistic deletion method [6]. Together with Proposition [l and Theorem
2 this gives

_(r=1)(a-1)
QO (n Ee= ) < ex(n, K'Y, KD (q)) < o <n——r> .
When a; = 1, instead of Proposition 4] one can employ the deletion method directly to an
random (r —1)-uniform hypergraph on n vertices by removing copies of K r=1) (L,a,...,a).

Together with Theorem 2 this implies that

r(r—
Q <n’"_ arfé)) <ex(n, K"V Kr-Y(1,a,... a) < o(n’"_a%?).

It would be interesting to improve the gaps in any of the above cases.
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