arXiv:2405.08436v1 [hep-ph] 14 May 2024
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We discuss the general behavior of the scattering amplitude with channel couplings near the
two-body threshold. It is known that the Flatté amplitude, which is often used in the analysis of
experimental data involving exotic hadrons, has some constraint in the near-threshold energy region.
While the M-matrix gives the general expression of the scattering amplitude, it is not smoothly
connected to the Flatté amplitude, due to the property of the determinant of the amplitude in
channel space. In this paper, based on the effective field theory, we propose new parametrization of
the scattering amplitude which gives the general expression near the threshold and has a well-defined
limit reproducing the Flatté amplitude. We show that the nonresonant background contribution
exists in the general amplitude even in the first order in the momentum. Finally, we quantitatively
evaluate the cross sections by changing the strength of the background contribution. We find that
the interference with the background term may induce a dip structure of the cross section near the
threshold, in addition to the peak and threshold cusp structures.

I. INTRODUCTION

Exotic hadrons are composed of different combinations
of quarks from mesons and baryons, and their internal
structure still remains unresolved. In recent years, ex-
perimental progress has led to the discovery of a wide
variety of the exotic hadrons, and various studies have
been conducted from both the theoretical and experi-
mental perspectives [I], [2]. Most exotic hadrons are un-
stable states with finite lifetimes and decay into multiple
hadrons, and therefore they are observed as resonance
peaks in the hadron scattering. Accumulation of the ex-
perimental data reveals that a lot of exotic hadrons ap-
pear near the threshold. Furthermore, in actual hadron
systems, the channel couplings play an important role by
inducing the inelastic scattering in addition to the elastic
scattering. As an example, fo(980) appears near the K K
threshold and decays into the w7 channel, so we need to
consider the coupled-channel scattering of the mm-KK
system [3].

In the scattering amplitude, the eigenenergy of the res-
onance state is represented as a pole in the complex en-
ergy plane [4, B]. To express the scattering amplitude
with a resonance pole, one utilizes the Breit-Wigner am-
plitude having a pole at the energy E = Er — i['/2,
where ERr represents the resonance energy and I' the de-
cay width. Because the Breit-Wigner amplitude with a
constant decay width I does not include the effect of the
threshold, the Breit-Wigner amplitude cannot be applied
to the analysis of the resonance state near the threshold.
To incorporate the threshold effect into the Breit-Wigner
amplitude, the Flatté amplitude [6] has been frequently
used for the actual analysis of the various hadron scat-
tering near the threshold [7H20]. In the Flatté amplitude,
the opening of the threshold is taken into account by the
energy dependence of the decay width T.
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To study the near-threshold exotic hadrons, it is useful
to expand the inverse of the scattering amplitude as the
power series of the momentum k of the threshold channel.
In the single-channel case, the effective range expansion
of the scattering amplitude f(k) reads

1
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where a and r are called the scattering length and effec-
tive range, respectively. It is important to determine a
and r because the near-threshold dynamics, including the
position of the near-threshold pole, is highly constrained
by these constants. In the coupled-channel scattering, it
is known that the denominator of the Flatté amplitude
can also be written in the form of the effective range ex-
pansion [2I]. This feature allows one to use the Flatté
amplitude to determine the scattering length and effec-
tive range [22] 23] (see also the discussion in Ref. [24]).

However, a problem of the Flatté amplitude has been
pointed out; the number of the independent parameters
decreases near the threshold [21]. This fact suggests that
some conditions are imposed on the Flatté amplitude
near the threshold, lacking the generality of its expres-
sion. On the other hand, the general expression of the
scattering amplitude consistent with the optical theorem
has been constructed, for instance, by using the M-matrix
approach [25]. As we will show below, however, the M-
matrix type amplitude cannot be directly reduced to the
Flatté amplitude due to the implicit assumption in its
derivation. To study how the general expression gradu-
ally approaches the Flatté amplitude, it is desirable to
construct an alternative amplitude, which keeps the gen-
erality of the expression but having the smooth connec-
tion with the Flatté amplitude.

In this study, we focus on the above-mentioned prob-
lems of the near-threshold coupled-channel scattering
amplitude and clarify the relation between the general
form of the amplitude and the Flatté amplitude. For
this purpose, we formulate both the Flatté and M-matrix
amplitudes in the framework of the effective field theory.
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Through the detailed comparison of these amplitudes, we
propose a new parametrization of the scattering ampli-
tude that does not lose generality even near the threshold
and directly reduces to the Flatté amplitude. This allows
us to study how the general behaviors of the scattering
length and near-threshold cross sections reduce to those
of the Flatté amplitude.

This paper is organized as follows. First, we derive
the M-matrix type amplitude (hereafter called the Con-
tact amplitude) and the Flatté amplitude from the effec-
tive field theory in Sec. [l We then compare the Flatté
amplitude with the Contact amplitude and clarify the
imposed conditions by exploring the compatibility be-
tween these amplitudes. Next, in Sec. [Tl we propose a
new parametrization of the scattering amplitude (Gen-
eral amplitude) that unifies the Contact amplitude and
the Flatté amplitude. Using the General amplitude, we
discuss in detail the nature of the scattering amplitude
near the threshold. In Sec. [Vl the behavior of the scat-
tering cross section near the threshold is quantitatively
investigated using the General amplitude. A summary is
given in the last section. Preliminary results of Sec. [[I]]
are partly reported in the proceedings of the confer-
ence [20].

II. COUPLED-CHANNEL SCATTERING
AMPLITUDE

In this section, based on Refs. [27H29], we review the
derivation of the Contact amplitude and Flatté ampli-
tude for two-channel scattering from the effective field
theory (EFT) in Sec. and in Sec. respectively.
We discuss the scattering length and effective range in
these amplitudes. In Sec.[[TC| we show that the Contact
amplitude does not directly reduce to the Flatté ampli-
tude focusing on the determinant of the scattering am-
plitude.

A. Contact amplitude

Here we derive the two-channel scattering amplitudes
at low energies for systems with contact four-point inter-
action from effective field theory. The Lagrangian £ in
this case is given by [27H29]
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where L§ is the free Lagrangian representing the rest en-
ergy and non-relativistic kinetic energy of the particles.
v; and ¢; (1 = 1,2) are the fields corresponding to the
two particles in channel ¢ and m; and M; (i = 1,2) rep-
resent the masses of the particles in channel ¢. Since the
energy is measured from the threshold of channel 2 in this
study, the free Lagrangian L£§ includes the contribution
of the rest energies of ¢; and ¢1. LS, is the Lagrangian of
the four-point interaction that represents the transition
between the ;¢; and 1;¢; scattering channels, and c¢;;
is the coupling constant. The higher order terms in the
derivative expansion in LS, are abbreviated. We consider
the low-energy scattering, where the contact interaction
in Eq. dominates and the higher-order terms are as-
sumed to be negligible.

The Feynman rules obtained from the Lagrangian L¢
give the vertex Vi as

ve= (o 02), 6)
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with the bare parameters c;1, ¢12, and ¢a2. The (4, j) com-
ponents of Vi describe the direct transition process from
the scattering channel j to ¢. Since we are interested
in the two-body scattering, we consider the four-point
function 7T;; by adding up all possible diagrams for the
two-body to two-body process obtained from the Feyn-
man rules. In the present case, the four-point function is
given only by the diagrams obtained from the Lippmann-
Schwinger equation, in which V¢ is regarded as a poten-
tial. The resulting four-point function, the T-matrix of
this scattering, depends only on the total energy F in the
center-of-mass system:

[T(E) ™ = Vo] ™' = GN(E), (6)
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where A = (My + mg) — (M1 + my) is the threshold en-
ergy difference, p; = Mym;/(M; +m;) the reduced mass
in channel i, and p = \/2u1 (E + A), k = v/2us F the rela-
tive momenta of channels 1 and 2, respectively. Since the
potential Vi is a contact interaction, we have introduced
the cutoff A, the upper limit of the momentum integral
to regularize G(E), by keeping the leading contribution
in the A — oo limit in Eq.

0]

Substituting V¢ into Eq. (6)), we obtain
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To perform the renormalization, we define the physical
quantities ai1,a12, and ase so that the T-matrix takes
the form
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Comparing Eq. with Eq. (9), we introduce the cutoff
A dependence in the bare parameters cq1, 12, and ¢ so
that a1, a12, and aso are cuttoff-independent:
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Taking the A — oo limit with the physical quantities
ai1,a12, and ass kept finite, the inverse matrix of the
scattering amplitude is given by

= (T )

a12 a22

where the relation between the T-matrix and scattering

amplitude f;; = —/mip; T/ (27) is used. From Eq. (14)),
we obtain the scattering amplitude

14k 1
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Hereafter, we call this amplitude f©(F) the Contact am-
plitude.

It is instructive to discuss the relation between the
Contact amplitude and the two-channel M-matrix type
scattering amplitude derived from the optical theorem.
The general form of the inverse of the two-channel scat-
tering amplitude is given as

[f(E)]71 _ <M11(E) - Z.p
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using the M-matrix M;;(E), which is a function of the
energy [25]. In Eq. (16), by setting M;;(E) as a constant
M;; = 1/a;;, we recover the Contact amplitude (14).
In other words, it can be seen that the Contact ampli-
tude f¢(E) in Eq. is a special case of the M-matrix
type scattering amplitude. This ensures that f¢(E) is a
general low-energy scattering amplitude consistent with
the optical theorem near the threshold where the higher-
order terms in energy E can be neglected. From Eq. ,
we find that the general form of the two-channel scat-
tering amplitude is characterized by three parameters
ai11,a12, and age near the threshold. In general, by im-
posing the time-reversal symmetry on the M-matrix rep-
resentation, the off-diagonal components of the M-matrix

becomes M;; = Mj;, so the N channel scattering ampli-
tude has N(N + 1)/2 independent parameters near the
threshold (see Appendix .

We now discuss the scattering length and effective
range at the threshold of channel 2 (higher energy thresh-
old) using the Constant amplitude in Eq. . Expand-
ing the denominator of the (2,2) component of the scat-
tering amplitude f$5(F) in terms of the momentum k, we
obtain
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where pg = v/2u1 A represents the momentum of chan-
nel 1 at the threshold of channel 2. The denominator of
[5(E) is composed only of the even powers in k, except
for the term —ik. Therefore, f$(E) can be written in the
form of the effective range expansion in k, the momen-
tum of channel 2. As in the case of the single channel
scattering , we define the scattering length ac from
the constant term and the effective range r¢ from the
coefficient of the k? term in the denominator of f$(F)
in Eq. . The scattering length ac is given by

afaagz (14 ipoarr)
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For later discussion, we decompose ac into the real and
imaginary parts:
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This expression confirms the relation Im(ac) < 0 re-
quired by the optical theorem. Similarly, the effective
range r¢ is obtained as
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Note that both ac and r¢ are in general complex, reflect-
ing the effect of the decay into channel 1. We also expand
the denominator of the (1,1) component of the scattering
amplitude £ (E) (lower energy channel) in terms of &k
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In contrast to f$5(E), the denominator of £ (F) contains
the terms of k> or more odd powers. Therefore, f(E)



cannot be written in the form of the effective range ex-
pansion in k, and the scattering length and effective range
should be defined not in f5 (E) but in f%(E).

We comment on the higher order corrections to the
effective range of the Contact amplitude r¢ in Eq. ,
which is written only by the parameters aii,ai2, and
a9s. Considering the higher order terms of the interaction
Lagrangian in the derivative expansion, one can enlarge
the applicable energy region of the EFT. The inclusion
of the next-to-leading order terms gives the scattering
amplitude

1 (2) 1.2 ;
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where aﬁ),ag) and a(222) are the coefficients of the k?

terms. The scattering length ac determined by f55(E)
in Eq. remains unchanged from the expression in
Eq. , i.e., ac does not suffer from the higher order cor-
rections. In contrast, the effective range r¢ contains the
higher order corrections with aﬁ),ag? and a(222). Thus,
the expression of r¢ in Eq. is valid only in the leading
order EFT, and the value can be modified by including
the higher order corrections.

B. Flatté amplitude

In this section, we first show the derivation of the
Flatté amplitude in the EFT. The Lagrangian that gives
the Flatté amplitude is [30]

Ly =L +LE, (23)
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where Lf is the free Lagrangian and L5, is the interac-
tion Lagrangian. In addition to the v; and ¢; fields, we
introduce the bare field ¥ with mass M. The parameter
v = M — (msg + M>) represents the bare energy measured
from the threshold of channel 2. The parameter g; stands
for the coupling constant between the scattering state of
channel 7 and the bare field.

From the Lagrangian Ly, the coupled-channel poten-
tial Vp(F) for the two-body to two-body process is given

1 3 0102
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using the bare parameters v, g;, and go. The potential
Vi (F) describes the transition between the scattering
states through the s-channel exchange of the bare field V.
It follows from the expression that det[Vr(E)] = 0,
and therefore Vp(F) does not have the inverse matrix.
Hence, Vg cannot be directly substituted into the ex-

pression @ and we use an equivalent equation without
v-L

T(E) = [1 - V(E)GNE)'V(E). (27)
Substituting V¢ (E) into Eq. , we obtain the T-matrix
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To perform the renormalization, we define the physical

quantities Epw, g1, and g» so that the T-matrix takes
the form

1
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Comparing Eq. with Eq. , we introduce the cut-
off A dependence in the bare parameters v, ¢, and ¢s so
that Egw, g1, and go are cuttoff-independent:

A A
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Note that there is no A-dependence in the coupling con-
stants ¢; and go. Taking the A — oo limit with the
physical quantity Egw kept finite, the Flatté scattering
amplitude is obtained as
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It is clear in Eq. that the energy dependence of the
Flatté amplitude is common to all the coupled-channel
components. The expansion of the denominator of each
component in powers of k is given by

F 1

ZJ(E) X 2Epw —igipo ( L4y g1 ) B2 1 O(k4) - ik.
93 K293 2pogs
(34)




In this way, all the components of the Flatté amplitude
are compatible with the effective range expansion, in con-
trast to the Contact amplitude. We thus determine the
scattering length (ap) and effective range (rg) of the
Flatté amplitude as

ap = #, (35)
1gipo — 2EBw
2 g}
e = — — 1. 36
1295 Pogs (36)

The imaginary part of the effective range in Eq. (36)
stems from the expansion of p (momentum of channel 1)
in terms of k. When the threshold energy difference A
is large, the momentum p can be approximated by its
threshold value pg, as was done in Ref. [2I]. In this case,
the imaginary part does not appear and rg is obtained
as a negative real value.

It was pointed out that the number of parameters in
the Flatté amplitude decreases near the threshold, due
to the scaling behavior [2I]. From Eq. (33), one finds
that the Flatté amplitude generally has three parameters,
Epw, g1, and go. To consider the scattering in the low-
energy region near the threshold of channel 2, we keep
the terms up to linear order in k in the denominator, and
fF(E) takes the form

1 1 1
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This gives the approximation of the Flatté amplitude up
to the first order of k. In the following, for simplicity,
the approximated amplitude in Eq. (37) is also referred
to as the Flatté amplitude. Equation (37)) shows that the
Flatté amplitude can be expressed only by two parame-
ters R and « near the threshold. In other words, three
parameters of the Flatté amplitude are reduced to two
near threshold [2I]. As mentioned in Sec. the near-
threshold two-channel scattering amplitude generally has
three independent parameters. This indicates that some
constraint is imposed on the Flatté amplitude near the
threshold.

C. Comparison of two amplitudes

We have seen that there is some constraint in the Flatté
amplitude which reduces the number of independent pa-
rameters. To clarify this constraint, we focus on the de-
terminant of the scattering amplitude matrix. From the
separable form of the residue in Eq. , one finds that
the rank of the matrix f¥(E) is one, and therefore its

determinant vanishes:

det [fF(E)] = 0. (39)

This is caused by the same property of the potential
Vi (E) we mentioned in Eq. (26):

det [Vi(E)] = 0. (40)

As seen in Eq. (27), det [f(E)] = 0 holds for the potential
satisfying det [V (E)] = 0. Physically speaking, the van-
ishing of the determinant is due to the pole term nature
of Vr(E) and fY¥(E). It is known that the residue matrix
of the pole term in the coupled-channel scattering should
be rank one [4], and both V&(E) and f¥(E) are given
by a single pole term without any background scatter-
ing contribution. The condition can be related to
the constraint imposed on the Flatté amplitude near the
threshold.

The Contact amplitude f€(E) is considered as a gen-
eral form of the two-channel scattering amplitude near
the threshold. It is therefore expected that fC(E) re-
duces to the Flatté amplitude near the threshold by im-
posing the condition det [fC(E)] = 0. From Eq. ,
the determinant of fC(E) is given by

1
1 1 . 1 2\’
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which is nonzero for finite a11,a12, and ase. The condi-
tion det [f©(E)] = 0 is achieved by letting at least one of
ai1,a12, and ass be zero. When we take the limit ags — 0
with a12 # 0 and a1; # 0, the Contact amplitude reduces
to

det [fO(B)] = — (41)
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which represents the single-channel scattering in channel
1. This amplitude satisfies det[f“(FE)] = 0 and does not
have an inverse matrix, but is not the Flatté amplitude.
In the same way, taking only a;; — 0 results in the elastic
scattering amplitude in channel 2. The limit ajo — 0
gives the the trivial amplitude with all components being
zero. In this way, none of these limits can reproduce the
coupled-channel Flatté amplitude. Furthermore, setting
two of the parameters zero with the remaining one being
finite also results in the trivial amplitude. Therefore, in
order to obtain a sensible coupled-channel amplitude, all
the parameters must be simultaneously taken to be zero:

aii, a1z, 22 — 0. (43)

In this case, the Contact amplitude is indefinite and the
result depends on the ratios of a;;.

In summary, we show that the difference between the
Flatté and Contact amplitudes can be characterized by
the determinant of the amplitude, det[f©(E)] # 0 and
det[f¥(E)] = 0. However, the Contact amplitude does



not, directly reduce to the Flatté amplitude by impos-
ing the condition det[fC(E)] = 0 with the parameters
a11,a12, and ags. In other words, f€(E) is not a suitable
form to study the connection with the Flatté amplitude,
although it represents the general form of the coupled-
channel scattering amplitude.

IIT. GENERAL AMPLITUDE

In the previous section, we observe that the Flatté am-
plitude follows the condition det [f¥(E)] = 0 and the
Contact amplitude cannot directly be reduced to the
Flatté amplitude. In this section, we first discuss the
condition det [f(E)] = 0 in relation with the renormaliza-
tion procedure in the Contact amplitude, and construct
an expression of the scattering amplitude in which the
condition det [f(E)] = 0 can be imposed by smoothly
changing the parameters. We call this expression the
General amplitude f&, and show that f& reproduces
both the Contact amplitude and the Flatté amplitude in
Sec.[[TTB] We extract the scattering length in the General
amplitude and compare with that of the Flatté amplitude
in Sec. [ITC] The decomposition of the General ampli-
tude into the pole and background terms is discussed in

Sec. [LII DI

A. Formulation

To investigate the condition det [fC(E)] = 0 in more
detail, we focus on the renormalization condition of the
Contact amplitude. The first terms in the left hand
side of the renormalization conditions (11])-(L3) contain
det [Vc] = ci1c20 — ¢35 in the denominator. In other
words, det [V] must be nonzero to adopt the renormal-
ization condition — that gives ai1,a12, and aqs.
This explains the observation in the previous section
that Eq. is required to achieve det [fC(E)] = 0.
Therefore, to construct an amplitude which is smoothly
connected to det [fC(E)] = 0, we need to modify the
renormalization condition so that it is compatible with
det [V] = 0. For this purpose, we first consider the po-
tential with two parameters cos and x

Véo) _ (CCQQfE C22\/E> , (44)

22/ T C22

which is a special case of Vo with ¢11 = coox and c¢12 =
ca2+/x, but at the same time the condition det[VC(;O)] =
0 is satisfied. Substituting VC(;O) into the Lippmann-
Schwinger equation , we obtain the T-matrix as
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We express the renormalized T-matrix with the physical
quantities Ags, € as

1 2m e 21 €
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This is achieved by the renormalization conditions
z(4) = 22, (47)
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Taking the A — oo limit, the renormalized scattering
amplitude is obtained as

Copgy =+ e Ve
79O (B) —Alm—iep—ik<\ﬁ1)' (49)

In this way, we obtain the coupled-channel Contact am-
plitude with det[f(E)] = 0, by imposing the condition
det[V] = 0 and modify the renormalization condition.
On the other hand, comparing Eq. and Eq. , we
see that fG(O(E) is equivalent to the Flatté amplitude
up to the first order in k with the identification

1
= = 50
=5 (50)
R
Agg = ———, (51)
apo

in Eq. (49). In this way, we show that there is a well-
defined limit of the Contact amplitude with det[f(E)] =
0, which is nothing but the Flatté amplitude. With these

relations and Eq. , the Flatté scattering length ap in
Eq. can also be written by Aoy and € as

1

S — (52)
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The remaining task is to construct the scattering am-
plitude which is smoothly connected to f<(9(E). To this
end, we propose the parametrization of the potential

_ C22T CZQM
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with real bare parameters co2, z, and y. We require z > y
for the hermiticity of the Hamiltonian. The potential Vg
is obtained by setting

C12 = C22VT — Y, (54)

in V¢, and because of three independent parameters. The
determinant of Vg is obtained as

C11 = €227,

det[Va] = coy. (55)

Therefore, the determinant of Vg vanishes with y = 0 or
c2o = 0, but the latter is not of our interest because it



yields the trivial scattering. With y = 0, the potential
becomes V((;O) in Eq. (44)), which gives the Flatté ampli-
tude. Namely, the parametrization in Eq. allows one

to control det[Vg] by the parameter y.

Next, we derive the scattering amplitude using V(.
Substituting Vg into Eq. , the T-matrix is obtained
as
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which recovers Eq. with y = 0. By introducing the Yt
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622(/1) = 27T2A22’)/ (7T,u1 — 2#11422’)//1) €, Agz

X [(2u2A22yA — Tpze) (201 A2y A — s )
—1
—7T2M1N2(€ - 7)] ) (58)
QILLQAQQ"}/A — TU2€
201 Agoy A — iy’
y(A) = [(2u2 A2y A — Tpze) (21 A2y A — Tpa)
—m iz (e — )] (rpa — 2 AgayA) ™2, (60)

z(4) =

we obtain the scattering amplitude f&(E) in the A — oo
limit as

1
fG(E): 1 - e+ A L
—A,, — Y€p — 1k + Azap

« €+ ZAQQ"}/]{I VE—Y (6].)
Ve—7  1+iAxnyp)’

In the following, we call f&(E) the General amplitude.
When v # 0, f¢(E) has an inverse matrix, which is given
by

T
rE = = R (62)
A2z v Azz vy v

It is seen in this form that the physical parameters should
satisfy € > ~ in order to be consistent with the optical
theorem.

B. Relation with Contact and Flatté amplitudes

In this section, we compare the General amplitude
fE(E) with the Contact amplitude f°(E) and the Flatté
amplitude f¥(E) in terms of the parameters. First we
show that f(F) contains both f©(FE) and f¥(F) in the

Flatté amplitude f*

Contact amplitude f€

FIG. 1. Schematic illustration of the parameter space of the
General amplitude f © in relation with the Contact amplitude
f€ and Flatté amplitude fF.

parameter space. By comparing the inverse of the Con-
tact amplitude Eq. with that of the General ampli-
tude (62), we find the relations

ail = AQQ’Y, (63)
Aoy
= 4
ai2 —— ’)’7 (6 )
A
gy = 2227 (65)

€

In this case, however, the condition v # 0 is imposed
in the General amplitude, as mentioned above. On the
other hand, imposing the condition v = 0 on fC¢(E) in
Eq. , we obtain

1 € e

G
E; A =0)=———"—"-——— .
fo(B; Ay ey =0) L e ik (ﬁ 1)

(66)

Thus, we find that f¢(E) reduces to Eq. which is
the Flatté amplitude up to the first order in k. Therefore,
we find that the General amplitude f¢(E) with v # 0 is
the Contact amplitude f©(E) and the General amplitude
reduces to the Flatté amplitude at v = 0 (see Fig. .
We are now in a position to revisit the relation between
the Contact amplitude f€(F) with the Flatté amplitude



fY(E) using the parameters of the General amplitude
As, €, and 7. In Sec. [[IC| we have shown that the Con-
tact amplitude cannot reduce to the Flatté amplitude
directly. First, from Egs. —, the condition v =0
indicates that all the parameters in the Contact ampli-
tude vanish:

all — 0 ("}/ — 0)7 (67)
aio — 0 (’y — 0), (68)

This is in fact the condition discussed in the section [I'C]
for the determinant of the Contact amplitude to vanish
with the coupled-channel amplitude. Thanks to the re-
lations -, we can now establish the ratios of the
a;; parameters in the v — 0 limit to obtain the Flatté
amplitude. For any value of v, the following relations
hold:

1 1 1
T - 70
H <af2 a11a22) Ao (70)
ail
— — €. 71
= (71)

In addition, Egs. and shows that the relation

ar e

a12

(v —0), (72)

holds in the limit of v — 0. Rewriting the Contact am-
plitude in Eq. as

7o) = 1
ann (- — —1— ) —ik — i%p + ayipk
11\ @z, ai1azz ass P up
UL 4 Gaqqk 1L
X (a22 any 1+ailé11p , (73)
aiz

and sending all a;; to zero with keeping the ratios in

Eqgs. (70)-(72), we find that f©(E) reduces to

) 1 € e
1 °F)= ——M——— 74
all,alér,{llgzﬁo f ( ) —L Zk - /Lﬁp (\/E 1 ) ’ ( )

A

which is the Flatté amplitude in the form of f((}O)(E) in
Eq. .

As mentioned in Sec. [TC| the Contact amplitude
cannot reproduce the Flatté amplitude with finite pa-
rameters aii,a12, and ags. Here we show that the
parametrization of the General amplitude with Ago, €,
and ~ is suitable to smoothly connect the Contact am-
plitude and the Flatté amplitude. This is essential to
examine the constraints in the cross sections from the
Flatté amplitude by the numerical analysis in the next
section. At the same time, the General amplitude clari-
fies the conditions (70)), (70), and required to obtain
the Flatté amplitude from the Contact amplitude by tak-
ing the limit a;; — 0.

C. Scattering length

In this section, we focus on the parameter v that char-
acterizes the difference between the Contact amplitude
and the Flatté amplitude and discuss the effect of v on
the scattering length in the General amplitude. First,
we expand the General amplitude in k& (momentum of
channel 2) and derive the scattering length of the Gen-
eral amplitude. Next, we show that the constant term
in the denominator of the (1,1) component f§ is differ-
ent from the value determined by the scattering length,
except for the special case v = 0 corresponding to the
Flatté amplitude.

Expanding the denominator of the (2,2) component of
the General amplitude f§}(E) in Eq. (61]), we obtain

1 A122 + iEpO i (6 — ’Y) k2
Az %22 + ivpo 2 (1 +iA22vp0)’ o
~1

f55(E) =

— ik + O(k*) (75)

Because this is consistent with the effective range expan-
sion, the scattering length of the General amplitude is
defined as

1 .
I, T Po
ag = A22 (14;2) (76)
A, T t€Po
_1 2
_ 4 A + €YDy . (e=7)po (77)
— 422 +€2 2 ¢ 1 +€2 2°
ag, TP an TR

Thanks to the condition € > ~, the the requirement by
the optical theorem Im(ag) < 0 is guaranteed in Eq. .

On the other hand, the (1,1) component f{(E) gives

2 2
1S (E) € { 1 e €

€7

(78)

As in the case of the Contact amplitude in Eq. , this
expansion contains the odd power terms. In this way,
we confirm that for v # 0, only the (2,2) component
of the General amplitude can be written in the form of
the effective range expansion, while the (1,1) component
cannot. To discuss the relation between the scattering
length of the General amplitude ag and that of the Flatté
amplitude ap, we define bg from the constant term of the

denominator f{(E) in Eq. (78):

1
— i ik + O(k?)’

fG(E) « (79)



This gives bg as

(=) (& — iepo)
(- ent)
1
(€ =) 3 (e=7)po

- —i . (80)
1 _1 212
e( +eut) ap R

Comparison with Eq. shows that the imaginary part
of bg is identical with that of ag. The real parts are,
however, in general different from each other.

bg =

By setting v = 0, the real part of bg also coincide with

that of ag. In fact, from Eqgs. and , ag and bg
with v = 0 are given by

1

ac=———— (1=0), (81)
A122 =+ 1€pg
1
bg = —4——— (y=0). (82)
Ags + 1€pg

This is natural because the General amplitude reduces to
the Flatté amplitude at v = 0. From Eq. , we find
the relation

ag =bc=ar  (y=0), (83)
which shows that both ag and bg reduce to the scatter-
ing length of the Flatté amplitude ar. In this way, we
find that the scattering length of the Flatté amplitude ap
corresponds to the value in the special case with v = 0.
In general, the constant term bg defined in f (E) is dif-
ferent from the scattering length ag given in f3 (E).

D. DPole and zero of amplitude

In the previous section, it is found that the parameter
~ in the General amplitude characterizes the difference
between the Contact amplitude and the Flatté ampli-
tude. In this section, we discuss the interpretation of
this parameter 7, by studying the pole and zero of the
amplitude. In the single-channel case, by truncating the
effective range expansion in Eq. up to the first or-
der in k, the amplitude has one pole at k = k, = i/a
determined by the scattering length a. The scattering
amplitude is given only by the pole term:

fk) = : (84)

In general, f(k) has no zero unless we include a pole
in the effective range expansion (Castillejo-Dalitz-Dyson
zero [31H33]). For the comparison with the single-channel
case, here we use the General amplitude up to the first or-
der in k, by neglecting the k£ dependence in the channel 1

momentum as p = /(u1/p2)k% + 2 A ~ po = V2 A:
1
— 45 — i€epo — ik + Agaypok

% 6+iA22’}/k VE—Y (85)
Ve—v  1+iAzype )’

This approximation is justified when the threshold energy
difference A is sufficiently large.

First, we extract the pole term contribution from
the General amplitude f©(E). The General amplitude
f9(E) in Eq. has only one pole at k = k;S:

fOE) =

]gs’ _ f‘ilﬂ +Z€p0' _ L'7 (86)
227P0 — * aG

which is common in all the components and determined
by the scattering length ag, as in the case of the single-
channel scattering. It can be seen that the pole appear
near the threshold when the magnitude of the scattering
length |ag| is large. Let us rewrite each component of
fE(E) in Eq. with the pole momentum kg’. First,
fS(E) and fG(E) components are given by

i
k— kS’

_ VeE—7y 1 (88)
14 iAgypo k — kS’

f55(E) = (87)

fi3(E)

which can be written only by the pole term proportional
to i/(k — kg) On the other hand, f{3(FE) is written by

Azoy
1+ iAsypo’

€—7y 1

G
E =
fll( ) (1 + iAQQ’}/pQ)Z k— kg’

(89)

which has a constant background term in addition to the
pole term. In summary, f(E) can be decomposed into
the pole term f§(E) and the background term f$ (E):

FO(B) = FH(B) + fiy, (90)
f(B) = g | VT ) on)
p 1+7A22vpo
__Asxy
f]% = (1+iA62’YPo 8>’ (92)

where one confirms det[fS(E)] = 0 because of the rank
one nature of the pole term. As mentioned above, up to
the linear order in k, the single-channel scattering am-
plitude is given only by the pole term without the
background contribution. In this sense, we can say that
the appearance of the background term in the first order
in momentum reflects the effect of the channel couplings.
This is caused by the k dependence in the numerator of
the (1,1) component of f¢(FE) in Eq. (85). Therefore,
the existence of the background term fi; in the General
amplitude f%(FE) is a property unique to the coupled
channel scattering.



Imposing the condition v = 0 on Eq. , we obtain

V) e

T k—KE \Ve

where kg = i/Ass — €pg is the pole of the Flatté ampli-

fG(E;A22>7 = 076)

tude. When v = 0, the background term flg}g disappears,
because the Flatté amplitude consists of the pure pole
term. This indicates that the parameter v should be
nonzero to have the background contribution. However,
we see from Eq. that the background term ng de-
pends on the parameter Ass as well, so the magnitude
of the background is not exclusively determined by -~.
Furthermore, note that the pole position kJS in Eq. (86)
depends on 7 and therefore « plays an important role
also in the pole term.

In general, the interference between the background
term and the pole term can generate zeros of the scat-
tering amplitude [4]. Therefore, the (1,1) component
of the General amplitude can have a zero point where

G (E) = 0. From Eq. 7 the momentum kS, where
the amplitude vanishes is given by
1 €

kS =i —. 94

o (94)

Since Asg, €, and v are the real parameters, we find that
kG . is pure imaginary. Therefore, in terms of the en-
ergy variable, the zero point appears below the threshold.
Furthermore, physical scattering below the threshold of
channel 2 corresponds to the imaginary axis of the upper
half of the complex k-plane Im(k) > 0. Therefore, the
zero point of fG (F) appears in the physical scattering re-
gion only if Im(k&,,) > 0. On the other hand, the Flatté
amplitude (General amplitude with v = 0) has no zero
point because there is no background contribution. This
is reflected in Eq. which shows that [kS | — oo and
the zero point disappears in the limit v — 0.

We have seen that the (1,1) component of the general
amplitude has a zero point, which is absent in the Flatté
amplitude. Therefore, if the experimental data contains
a zero point in the physical energy region Im(k) > 0
near the threshold, the analysis with the Flatté ampli-
tude would fail to reproduce the data. In Sec. [[V] we
quantitatively compare the Flatté amplitude with the
General amplitude in terms of the scattering cross sec-
tion when kS appears in the physical region near the
threshold.

IV. NUMERICAL ANALYSIS

In this section, by using the General amplitude, we
examine the behavior of the total cross sections when a
resonance pole of the scattering amplitude locates near
the threshold of channel 2. Here, we investigate the be-
havior of the scattering cross section by varying ~ with
the scattering length ag fixed. In this way, it is possible
to compare the Flatté amplitude v = 0 with the general
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case v # 0, having the same amplitude at the threshold.
First, in Sec. [[VA] we study the parameter regions of Ass
and € when ~ varies for a fixed ag. Next, we summarize
the actual values of the parameters used in the numerical
calculation in Sec. [[VB] Finally, in Sec. [[VC] we discuss
the behavior of the scattering cross section numerically.

A. Parameter regions

The General amplitude f%(E) in Eq. (61) has three
real parameters Ao, e, and v. We write the real and
imaginary parts of the scattering length ag in Eq.
as

ag = o+ Zﬂ, (95)

using the real constants a and S, with the condition
B < 0. Because a and (8 are given by Ass, €, and 7,
when we fix ag, Ass and € are determined from «, 3, and
~. Since the relation between the parameters and the
scattering length is not linear, we first discuss the be-
havior of the remaining two parameters Ass, ¢ when the
scattering length ag is fixed.

Substituting the expression of the scattering length

ag (76) into Eq. (95)), we obtain
. a (B
1+ 7,A22’)/p0 = - — 66]90 +1 ( + 6ap0> . (96)
Az Az

The real and imaginary parts of Eq. yields the fol-

lowing two conditions:

o
1= Tm — €fpo, (97)
Azovpo = Aﬂm + eapo. (98)

Solving Eq. for €, we obtain

1 o

We eliminate € by substituting Eq. into Eq. (98).
This gives a quadratic equation of Ass, whose two solu-

tions are
2 2
—% + (%) + 4’7p0 (ﬁ + %)

2vpo

AL = (100)

This gives the expression of the parameter Aso in terms
of a, B, and . Corresponding e is obtained from Eq.
as

+ _ b (O‘ _ )
€ (aaﬁ77) ﬂpo Aég(a,ﬁ,’y) 1 9

In this way, there are two parameter sets (A3, et,~) and
(A%, €7, ) for a given scattering length ag. To have a

(101)



real parameter Aoy, the quantity in the square root in
Eq. (100) must be nonnegative, leading to the condition
among parameters

2 2
(5) +om{o+5) 20

Furthermore, considering § < 0 required by the unitarity,
we obtain the following condition for ~:

(3)

e 2
4po (|5| + m)

(102)

(103)

This shows that the range of the parameter v has an
upper bound

O]
T (2 ) Hew

to reproduce the given scattering length ag. We note
that the inequality is saturated at v = ypax lead-
ing to A, = A5, and €™ = ¢~. In other words, the two
parameter sets (A, e, ) and (A5,,e,7) are continu-
ously connected at v = Ymax-

B. Setup

To examine the behavior of Ass and € numerically, we
consider the 7m-K K system as an example. Since the
threshold of KK (~ 990 MeV) is far from that of 7m
(~ 280 MeV), we use the relativistic expression of the
momentum

k:\/(EﬁLimK)z_mgﬁ (105)
pe \/W ~m2. (106)

In this case, the momentum p at the threshold of channel
2 is evaluated as py = \/m% —m2. The hadron masses
are taken from PDG [3].

First, we fix the scattering length as

acg = +1.0 —i0.8 fm, (107)

which is a typical value found in the experimental anal-
ysis [13]. By Eq. (86)), the pole of fo(980) is estimated
as

kS = —0.095 + i0.125 GeV, (108)
o [k‘G]2

EJ = =2~ = —0.014 — i0.048 GeV. (109)
my

Because the imaginary part of the eigenmomentum is
positive, this pole represent the quasibound state [34].
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Note however that the pole position in Eq. is ob-
tained by approximating p ~ pg, and the exact pole of
the amplitude calculated with p(k) depends not only on
ac but also 7. In the following calculations, we have
checked that the exact pole is found within a few MeV
region from the above values. Also, the upper bound

Ymax in Eq. (104) is given by

Ymax = 0.079. (110)
Numerical plots of A%, (solid line) and A, (dashed line)
for —1.0 < v < Ymax are shown in Fig. (a). As expected,
two lines coincide with each other at v = ypax. From
Fig.|2(a), we find that while A5, has a finite value at v =
0, A, diverges as Af, — o0 with v — 0. That is, for
ag = +1.0 — i0.8 [fm], the Flatté amplitude is obtained
by adopting the solution A5, and setting v — 0. Next,
the plots of €™ as functions of v are shown in Fig. b).
The solid line represents e and the dashed line e~. From
Fig. (b), we can see that €T is always positive in this
range of v, while the sign of e~ changes around v ~ —0.4.
This property will be discussed in relation with the zero
point of the scattering cross section. It can be checked
that the condition € > + is satisfied for both solutions in
this parameter region.

It is instructive to consider the case with the scatter-
ing length having the opposite sign of the real part from
Eq. . For this purpose, we also examine

ag = —1.0-1¢0.8 fm. (111)

Corresponding pole position of f,(980) in Eq. is
found to be

k= —0.095 — i0.125 GeV,
Eg = —0.014 + i0.048 GeV.

(112)
(113)

Negative imaginary part of the eigenmomentum suggests
that this pole would be a virtual state in the absence of
the coupling to the w7 channel. According to Ref. [34] we
call this the quasivirtual state. Because yyax in Eq. (104))
is invariant under @ — —c, the value in Eq. still
holds in the present case. We plot Ao and € as functions
of v in Fig. |3 Comparing AQjE2 in Fig. a) with those in
Fig. a) we notice that there is some symmetry. In fact,
from Eq. (T00), we find the relation A%, (—a) = —AZ, ()
under the sign flip of the real part of the scattering length,
which explains the behaviors in Fig. 2a) and Fig. [3(a).
This suggests that the Flatté amplitude is obtained by
adopting A%, and setting v — 0 for aq = —1.0 — 0.8 fm.
The behaviors of e in Figs (b) and b) can also be
explained by the relation e (—a) = €T (a) which follows

from Eq. (101)) and the property of A2i2.

C. Total cross sections

In the previous section, we established the behaviors
of Aso and € when the scattering length ag is fixed and
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FIG. 2. Parameters As2 (a) and € (b) as functions of v with
the scattering length ag = +1.0 —¢0.8 fm. The solid (dashed)
lines represent A7, and ¢t (A5, and €). The shaded area is
excluded by the condition € > v by the optical theorem.

¢ [dimensionless]

~ is varied. In this section, we discuss the behavior of
the scattering cross section with representative values of
the parameters. In the near threshold region where the
s-wave contribution dominates, the total cross section
0i;(E) is given by

0ij (E) = 47r§—;|fij<E>|2. (114)

Because the cross section is proportional to |f;;(E)|?, in
this section, we use

oy (E) = |fi;(E)[?/1£i;(0) ],

which is normalized at the threshold.
Before performing the numerical analysis, let us exam-
ine the analytic properties of og- (E). From Eq. , the

(1,1) component of the cross section o (E) is given by

(115)

2
14422

N
) =
11 (F) 1+iagk

(116)
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FIG. 3. Same as Fig. [2| but with ag = —1.0 — 70.8 fm.
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which depends on three parameters Ass, €, and . Thus,
even if we fix the scattering length ag, the cross sec-
tion still depends on the parameter . In contrast, the
(1,2) and (2,2) components of the normalized cross sec-
tion oN(F) are given by

1

—_— 117
1 +ia(;k ( )

UB) = () =

which depends exclusively on the scattering length ag.
In other words, they are independent of v when ag is
fixed. In this way, the 7 dependence of the normalized
cross section exists only in the (1,1) component, because
only fS(F) contains the background term as discussed
in Sec. [IIDL

Now we calculate the normalized cross sections near
the threshold of channel 2 by varying v with the scatter-
ing length ag being fixed. We focus on o} (E) that has
~ dependence for a fixed ag. First, we set

ac = +1.0—40.8 fm

Because v should be smaller than ~,.x, we choose v =
0.07, 0.00, —0.01, —10.0 as representative values. The
corresponding parameters Agi2 and e* are shown in Ta-



TABLE 1. Parameters A%, and e* for ag = 1.0 — i0.8 fm.
gl A3, (fm) a Ay, (fm) €
+0.07 +4.95 +0.41 +2.45 +0.31
0.00 - +0.52 +1.64 +0.20
—0.01 —53.4 +0.53 +1.59 +0.19
—10.0 —0.32 +2.14 +0.27 —1.42

3 T T T
* - = 0.07
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FIG. 4. The (1,1) component of the normalized cross sections
o (E) = |f5(E))?/|f5(0)* as functions of the energy E.
The scattering length is fixed as ag = +1.0 — 1.0 fm and
the solution with A5, and ¢~ is chosen. The parameter is
v = 0.07 (dashed line), v = 0.00 (dotted line), v = —0.01
(dash-dotted line), and v = —10.0 (solid line).

ble [l The Flatté amplitude corresponds to the solution
with A5, and ¢~ at v = 0.

Choosing A, and €, we plot the (1,1) component of
the cross section o (E) for four values of v in Fig.
The dotted line (7 = 0) corresponds to the cross section
by the Flatté amplitude which shows the peak structure
below the threshold. This is because in this amplitude
there is a quasibound state below the threshold, as dis-
cussed above. The peak locates around E ~ —0.03 GeV,
which is shifted from the real part of the pole energy
~ —0.01 GeV due to the threshold effect. When - is
increased from zero, the peak structure remains, but the
size of the peak becomes smaller than that with v = 0,
as seen by the dashed line (v = 0.07). The peak position
moves toward the threshold. On the other hand, the peak
becomes larger when - is slightly decreased from zero in
the negative direction (y = —0.01, dash-dotted line). In
this way, the cross sections with small |y| have a peak
structure, for which the Flatté amplitude can be used to
fit the data. However, if we fit the peaks of, for instance,
the dashed or dash-dotted lines in Fig. [ using the Flatté
amplitude, the scattering length would be different from
the exact value +1.0 — 0.8 fm. Because the value of v is
not known in advance in the experimental data, the scat-
tering length extracted by the Flatté amplitude might be
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deviated from the exact value.

When we adopt a large and negative v = —10.0 (solid
line in Fig. , the cross section o} (E) no longer shows
the peak structure but exhibits a dip structure instead, in
sharp contrast to the other cases. In the present case, at
the bottom of this dip, the cross section o3} (E) becomes
exactly zero, meaning that the scattering amplitude van-
ishes at that energy. This is the manifestation of the
Castillejo-Dalitz-Dyson zero [31H33], caused by the in-
terference between the pole and background, as discussed
in Sec. From Eq. , the zero point of the (1,1)
component f (E) of the General amplitude is calculated
as

kS =i0.10 GeV, (118)
G [kzcéro]2
ES = 2ol — (0,02 GeV. (119)
mg

In fact, the zero point of the cross section indeed occurs
in Fig. 4] at the value of Eq. (119). When the cross sec-
tion shows the dip structure as the solid line (y = —10.0)
in Fig. [ the Flatté amplitude does not work. As shown
in Sec. [[ITD] there is no zero point in the Flatté ampli-
tude, and thus no zero of the cross section occurs. In
addition, the typical Flatté amplitude exhibits either the
peak structure or the threshold cusp structure [21I]; the
former corresponds to the dotted line in Fig. [4] and the
latter to the cross section with ag = —1.0 — 0.8 fm dis-
cussed below. These structures are clearly different from
the dip structure shown by the solid line (y = —10.0)
in Fig. In contrast to the typical cross sections, the
solid line in Fig. [d does not show the peak nor cusp, even
though the pole is near the threshold. This result in-
dicates that the analysis of the exotic hadrons requires
a detailed study of the behavior of the scattering cross
section near the threshold, rather than focusing only on
peaks and cusp (see also Refs. [29] [35]).

In general, the zero point appears in the physical region
when €/(Az2277) > 0. From Fig. [2] this corresponds to v <
—0.4 (A3 > 0,6 <0,7<0)or0<7v < Ymax (Ayy >
0,e~ > 0,7 > 0). Therefore, the dashed line (y = 0.07)
in Fig. [4 also has a zero point somewhere in the £ < 0
region, but the dash-dotted line (v = —0.01) does not. As
discussed in Eq. , when + is small, the corresponding
momentum becomes large and the zero point appears far
from the threshold. In fact, the zero point energy for
v =0.07 is E = —0.25 GeV which locates outside of the
figure.

The results with AJ, and ¢* are shown in Fig.|5| The
case with v = 0 is not shown because Aj, diverges. As
mentioned in Sec. AZ, and €t are continuously con-
nected with A5, and €~ at ¥ = Ymax, so the dashed line
with ¥ ~ Ymax in Fig. [§] shows a smaller peak structure
than the dashed line in Fig.[d In Fig.[fl when v = —0.01
(dash-dotted line) the peak structure of the cross section
is almost invisible. When - is further decreased down
to v = —10.0 (solid line), the zero point appears in the
physical region below the threshold, generating a sharp
dip structure. It can be seen from Fig. |2| that the zero
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FIG. 5. Same as Fig. but with A, and e*.
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FIG. 6. Same as Fig. [2| but the scattering length is fixed as
ag = —1.0 — ¢0.8 fm with A;2 and €.

point is always in the physical region irrespective to the
value of v, since the relations et > 0 and A,y > 0 al-
ways hold. The results in Fig. [5| show that if the zero
point is far enough from the threshold with small |v|,
the peak structure is preserved, but if the zero point ap-
pears near the threshold with large ||, the dip structure
is produced. Note also that the solid line in Fig. |5[shows
a cusp at the threshold, even though the amplitude has
a quasibound pole. This is again peculiar feature in the
General amplitude, which cannot be reproduced by the
Flatté amplitude.
Next, we discuss the cross sections with the scattering
length
ag = —1.0 — 0.8 fm. (120)
The corresponding parameters Agé and et for v =
0.07, 0.00, —0.01, —10.0 are shown in Table. [[T| Choos-
ing A, and €, we plot the normalized cross sections
o (E) with v = 0.07, 0.00, —0.01, —10.0 in Fig. @
With v = 0 (Flatté amplitude), the cross section shows
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TABLE II. Parameters A%, and e* for ag = —1.0 — 0.8 fm.

y A%, (fm) e Az, (fm) e«
+0.07 —2.45 +0.31 —4.95 +0.41
0.00 —1.64 +0.20 - +0.52
—0.01 —1.59 +0.19 +53.4 +0.53
—10.0 —0.27 —1.42 —0.32 +2.14
3 T T
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FIG. 7. Same as Fig. |§| but with A5, and €.

a threshold cusp structure. Because the pole of the qua-
sivirtual state is not on the most adjacent Riemann sheet
to the physical scattering, it does not create a peak struc-
ture of the cross section. The existence of the quasivirtual
pole near the threshold is considered to strengthen the ef-
fect of the threshold cusp. When + is increased, as shown
by the dashed line (y = 0.07), o2 (E) becomes slightly
enhanced, in particular in the region below the threshold.
On the other hand, when 7 is slightly decreased, o} (E) is
suppressed, as seen in the dash-dotted line (y = —0.01).
In both cases, the shape of o} (E) is modified from the
Flatté amplitude only slightly, but the cusp structure is
maintained. However, with a large negative v = —10.0
(solid line), the cross section shows a qualitatively differ-
ent behavior. One finds that the cusp at the threshold
disappears due to the sign flip of the slope of the cross
section below the threshold. Because of this, the cross
section shows a small dip structure above the threshold.
This dip structure is not caused by the zero point of the
scattering amplitude, but it exhibits the local minimum
of oY (E). Tt is clear that that the Flatté amplitude can-
not reproduce the cross section with the dip similar to
the solid line.

The cross sections o1} (E) with A, and e~ are plotted
in Fig. |[7] for v = 0.07, —0.01, and —10.0. The cross
section shows the cusp structure for v = 0.07 (dashed
line) and v = —0.01 (dash-dotted line), with a slightly
enhanced strength. When  is taken as large and negative
value (y = —10.0), a dip appears above the threshold
instead of the cusp.



With the Flatté amplitude, the cross section shows a
peak below the threshold for Re(ar) > 0 or a cusp at the
threshold for Re(arp) < 0. From the above results, we
find that the shape of the elastic scattering cross section
in channel 1 can be changed significantly from these typ-
ical behaviors by varying «. In particular, if v is large
and negative, the peak can be changed into a cusp even
with Re(ag) > 0, and o)\ (F) can have a dip near the
threshold. Therefore, in analyzing the scattering near the
threshold, it is important to perform analysis paying at-
tention to the peak, cusp, and dip structures, rather than
simply fitting the data by the Flatté amplitude [29] [35].

V. SUMMARY

In this paper, we discuss the behavior of the coupled-
channel scattering amplitude near the higher energy
threshold by constructing the General amplitude with
new parametrization. First, in Sec. [, we introduce the
Contact amplitude and Flatté amplitude based on the
effective field theory. Through the comparison of two
amplitudes, we show that the origin of the problem of
the number of parameters in the Flatté amplitude near
the threshold [2I] can be traced back to the vanishing of
the determinant of the scattering amplitude. It is also
shown that the standard parametrization with three pa-
rameters a;; in the Contact amplitude is not suitable to
smoothly connect to the Flatté amplitude.

Based on this observation, we modify the renormaliza-
tion conditions in the effective field theory and construct
the General amplitude with three alternative parameters,
Aga, €, and . With v # 0, the General amplitude has
one-to-one correspondence with the Contact amplitude,
and it directly reduces to the Flatté amplitude at v = 0.
Namely, the General amplitude allows us to examine how
the Contact amplitude approaches the Flatté amplitude
by varying the parameter «y. It is also shown in the Gen-
eral amplitude that the scattering length is defined in the
(2,2) component (higher energy channel), which is in gen-
eral different from the constant term in the denominator
of the (1,1) component (lower energy channel), except
for the special case of v = 0 corresponding to the Flatté
amplitude. Finally, we show that the (1,1) component
of the General amplitude contains the background term
in addition to the pole term, even in the linear order in
the momentum. Since the background term disappears
at v = 0, the parameter v is considered to control the
existence of the background. It is shown that the back-
ground term can cause the zero of the amplitude by the
interference with the pole term.

Finally, the behavior of the scattering cross section of
the General amplitude is numerically studied by vary-
ing v with the scattering length being fixed. For a small
|v], the cross section shows either the peak structure or
the threshold cusp structure, as typically observed in the
Flatté amplitude. It is however shown that the scatter-
ing length obtained from the analysis by the Flatté am-
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plitude may quantitatively deviate from the exact value,
due to the contribution from the background term. It
is also found that by enhancing the background contri-
bution with large and negative 7, a dip structure can
be caused by the zero of the scattering amplitude (see
also Refs. [29] B5]), which cannot be reproduced by the
simple Flatté amplitude. In such cases, the threshold
cusp structure may appear even when the real part of
the scattering length is positive.

The general amplitude proposed in this study should
be useful to extract the scattering length and pole po-
sition of the near-threshold exotic hadrons through the
analysis of the experimental data. Since the actual ex-
otic hadrons are often coupled to three or more channels,
the extension of the General amplitude for multi-channel
scattering serves as a future prospect. To enlarge the ap-
plicability of the framework, it is necessary to include the
higher-order terms in the effective field theory, which also
gives precise determination of the effective range. With
these extensions, we expect that the application of the
General amplitude to the actual experimental data will
help to accurately determine the properties of the exotic
hadrons near the threshold.
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Appendix A: N channel scattering

Here we compare the number of independent parame-
ters in the near-threshold Contact and Flatté amplitudes
in the two-body scattering with N channels. With a
straightforward generalization of Sec. [[TA] the N chan-
nel Contact amplitude reads

1 : 1
Tan PY G T T
1 .
FeE) =] mr e T ww
1 1 .
Tain asn T Tann PN
(A1)

where p; is the momentum in channel j. The amplitude
fC(E) contains N(N +1)/2 independent parameters a;;.



TABLE III. Number of independent parameters in the Con-
tact amplitude (Al]) and the Flatté amplitude (A3).

Channel 2 3 N
Contact 3 6 N(N +1)/2
Flatté 2 3 N
Conditions 1 3 N(N -1)/2

The Flatté amplitude with N channels can be written as

1
fF(E) = N
2Epw —2E —i33,_, ¢3p;
9% g192 g1gN
2
192 20N
R G IR ®)
9gi1gN G29nN - 912\7

which contains N coupling constants g;(j = 1,--- N) and
one bare energy Epw, so there are N + 1 independent
parameters in total. Near the threshold of channel 1, by
neglecting the terms with p? or higher, we obtain

1

() ~
a—ipr—iy; rjp§0)
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1 NP VTN

r r Tor
| VYT VEN L )

VTN A/T2TN - N

where we define
97 2Ew

2L =R, /= =aq, A4
g 7 g (A4)
© = pi(pr =0 A5
p; =pi(p1=0), (A5)

In this case, the amplitude has N parameters, r;(j =
2,--+,N) and a.
As summarized in Table [[T]] the Contact amplitude

always has a larger number of parameters. Namely, there
should be

NV 1), (A6)

conditions imposed on the Flatté amplitude, as in the
case of two-channel scattering. This is achieved by de-
manding all the cofactors of the off-diagonal components
vanish.
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