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ABSTRACT: We propose a series representation for the Virasoro fusion and modular
kernels at any irrational central charge. Two distinct, yet closely related formulas
are needed for the cases ¢ € C\(—o0, 1] and ¢ < 1. We also conjecture that the
formulas have a well-defined limit as the central charge approaches rational values.
Our proposal for ¢ < 1 agrees numerically with the fusion transformation of the
four-point spherical conformal blocks, whereas our proposal for ¢ € C\(—o0, 1] agrees
numerically with Ponsot and Teschner’s integral formula for the fusion kernel. The
case of the modular kernel is studied as a special case of the fusion kernel.
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1 Introduction and main results

1.1 Introduction

Virasoro conformal blocks play a fundamental role in the conformal bootstrap ap-

proach to Conformal Field Theory in two dimensions. They are parts of correlation

functions which are entirely determined by conformal symmetry. Consequently, they

are special functions determined by representation theory of the Virasoro algebra.

On a given Riemann surface, Virasoro conformal blocks form certain bases for the

solution space of the Virasoro Ward identities [18]. There exist linear transformations

relating different bases of this space called crossing transformations. In general, they

are integral transformations whose kernels are called Virasoro crossing kernels. A



prototypical example is a special case where the crossing transformations on the four-
point Riemann sphere reduce to the well-known connection formulas for the Gauss
hypergeometric function [9].

Of special importance is the case of the four-point Riemann sphere and of the
one-point torus, because these two cases generate the set of all crossing kernels.
The corresponding crossing kernels are denoted Virasoro fusion kernel and Virasoro
modular kernels, respectively. Understanding the crossing properties of conformal
blocks on these surfaces is primordial in the conformal bootstrap approach, since
for instance the crossing symmetry equations for the correlation functions can be
written in terms of the crossing kernels only [18]. For a recent review of Virasoro
conformal blocks, their crossing properties and connections to other areas of physics
and mathematics, the reader is referred to [4, 18].

Let us now describe more precisely the different objects at play. We will use the
following parametrization of the conformal dimensions and central charge:

2 2 1

A(P) = =— + P~ c=1+6Q", Q:b+g.
In the case ¢ € C\(—o0, 1], the Virasoro fusion kernel F is defined by the following
relation:

b) |P2 P b P, P b) | P2 P;
FOTE )= /det PO, [ B F0 [ B -, (1.1)

where z is the cross-ratio of four points on the Riemann sphere, and where the
conformal blocks F are defined in the natural normalization

.7-"(? [1;21 }Ijﬂ (2) = ZAP)=AP)-AF) (1+0(2)), asz—0. (1.2)
The AGT correspondence [1] provides an explicit power series representation in z for
F. There also exist recursion relations for F due to Zamolodchikov [29, 30] which
converge much faster than the AGT formula (see also [18, section 2.4.2]).

Throughout the paper we introduce the convention s(a 4+ b) = s(a + b)s(a — b).
F admits the following integral formula due to Ponsot and Teschner [16, 17]:

®) [P2 Pg] C Ty(Q+2iP,) Ty(§ —iPy £ Py £iP)Ty($ +iPy £iPy £ iP))
PolelPe Pl Ty(42iP) Ty(2 —iPy + Py + iP)Ty(2 +iPy +iPs + iP,)
y / " Sp($ —iPy £iP +u)Sp($ +iPy £iP5 + ) |

i S22 — Py +iPy £ 0P, + u)S,(22 £ 0P + )

(1.3)

Here we use the standard notation for Barnes’ double Gamma function I'y(x), and

the double Sine function Sy(x) = FbF(bT(i)xw see [4, Appendix B] for a review of their

properties.



It is well known that the Ponsot-Teschner formula (1.3) satisfies a set of shift
equations in its momenta which originates from the pentagon relation [4, 23]. Eber-
hardt showed in [4] that F is the unique solution of the shift equations for b* ¢ Q
and ¢ € C\(—o0, 1] that is meromorphic in all of its parameters. However, F does
not admit an analytic continuation to ¢ < 1, since the function I', is not defined
for b € iR. Interestingly, Ribault and Tsiares discovered in [22] a transformation,
the Virasoro-Wick rotation, which maps the unique meromorphic solution of the
shift equations in the regime ¢ € C\(—o0, 1] to the unique meromorphic solution
for ¢ € C\[25,00). However, the image of F under this transformation is an odd
function of P, and P;, hence it cannot be the physical fusion kernel for ¢ < 1 since
the conformal blocks are even.

In what follows, we denote by F the Virasoro fusion kernel for ¢ < 1, or, equiv-
alently, for b € ‘{R. It will be convenient to describe it in terms of another set of

parameters
A 1
p=ib, p=iP  Q=f+3 (1.4)
Then, we define F to be such that
b) | P2 P i b [P P
}Q[HRj@%ZAMJmFﬁ%E”ﬂfQ[HJ}G—d. (1.5)

The choice of parameter dependence for F will be justified in section 2. Note that in
this case we are forced to shift the contour of integration by A € R* [21, 22] because
the conformal blocks on the right-hand side have poles at
p{mm = %(mﬁ +np7Y,  mneN, (1.6)

hence the poles lie on the imaginary axis for § € R. Moreover, the result of the
integral should not depend on A.

Finally, we define the Virasoro modular kernels M and M to be the following
special cases of F and I [10]:

Py b
MY, [P = V2 2565 FO2) [C {} (1.7)
2v2 2V2
M) [po] = V2 956 PitPs ]f;‘(\/iﬂ) Ve 21\% (1.8)
ps.pe PO] = V2ps/2p | 48 _iB :
2V2 2V2

This originates from Poghossian’s observation that the one-point toric conformal
blocks are special cases of the four-point spherical conformal blocks [15].

1.2 Main results

In this paper, we propose a series representation for both F and F as well as for the
modular kernels M and M. As a matter of convenience for the reader, all formulas
are gathered below.



1.2.1 The fusion kernels

Our proposals for F and F are as follows:

® [P op] _ 1 (pr —® [P P
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It remains to describe f which is an infinite series of the form

f(i),Pt [2 Ifﬂ = e Zzak (b, Ps)au(y, Ps)e —2mbhP =S (1.15)
k=0 1=0

We provide a recursive representation for the coefficients ay,:

(b, Ps) = dno (1.16)
+Z —7b(Ps+ l’b ¢ln(P17P27P37P4) ¢ln(P17P2+2ib7P3+2L‘b7P4)

sinh(7b(P; + 1)) cosh(mb(P; + 1))
The coefficients ¢,,,,, n > 0 have the explicit form
7:2271—1(_1)71—1—1
sin(nmb?) T[T sin(Iwb?)?

¢nn(P17P27P37P4) =

(1.17)
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chosh 7rb j:Pl—l—P2+zb(l—”+1)))cosh (Wb(ng:P4—|—zb(l = ))),
=1

whereas the coefficients ¢y, for 0 < [ < n have the semi-explicit form

lib
Gin(Pr, P, Py, Py) = ¢u(Py, Py, Ps, Py) ay (b —> (1.18)



For instance, a; explicitly reads

9o~ TH(Ps+2)
Py="+" 1.1
o1(b, Fy) sin(7b?) (1.19)
" cosh(wb(P, £ P1)) cosh(nb(Ps £ Py))  sinh(wb(P, £ P1)) sinh(7b(FP; £ FPy))
sinh(wb(P; + 2)) cosh(mb(P; + 2)) .

More generally, utilizing (1.16) inductively, ¢;, can be expressed only in terms of
¢mm(P1,P2,P3,P4) and ¢mm<P17P2 + 2%77P3+ QLb,P4> for m = 1,...,n— l.
1.2.2 The modular kernels

We now proceed with the case of the modular kernels. We verified numerically that
the formulas below for M and M satisfy (1.7) and (1.8), respectively. We have

b 1 b b
M), [Bo] = 5 (MF O 1R +Mp D [Po]> , (1.20)
- 1
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The factors L and L read
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Finally, the series is of the form
3 - 4nlPy
95 p[Po) = €PN TN (b, Pou(E, P)e e T (1.26)

k=0 1=0
and the coefficients u; have an explicit form in terms of ¢g-Pochhammer symbols.
More precisely, let

n—1

(a,0) = [T(1 — ad. (1.27)

k=0

and denote ayp : % + 1. Then, we have
fin (b, Ps) (1.28)
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1.3 Numerical tests

The details of the numerical tests described in this section can be found in the
ancillary Jupyter notebook, or in the GitLab repository [24].

1.3.1 The fusion transformation for ¢ < 1

We performed a test of the fusion transformation (1.5) with the following values of

the parameters:

B 0.6
p|=106i|, p,=035 =2=05 A=05. (1.29)
3 0.37
Da 0.5¢

We used the publicly available GitLab repository [20] developed by Ribault to com-
pute values of the function I', and of the conformal blocks.

The accuracy of the computations is controlled by three parameters (T, L, Npay)."
The parameter 7' represents the truncation of the two series in f (1.15) at order T.
L represents the truncation of the infinite integration line R + A to i[—L, L] + A.
Finally, Ny.x corresponds to the truncation of Zamolodchikov’s recursion relation
for the conformal blocks [20]. At the values (1.29), the left-hand side of (1.5) is real-
valued and equals approximatively 1.08. Then, we made the following verifications:

(T, Nmax, L) | Accuracy of Re (Lh.s - r.h.s of (1.5))
(0,10,1) 9.0 X101
(1,12,2) 1.3 x10° ¢
(2,14,3) 4.0 x1074
(3,16,4) 1.3 x10°7
(4,18,5) 9.0 x10-19
(6,20,6) 83 x10° 16
(8,25.8) 2.1 1016

We do not write Im (Lh.s - r.h.s of (1.5)) because it has a similar order of mag-
nitude. Notice that we chose A = 0.5 to stay sufficiently far away from the poles
of the integrand which lie on the imaginary axis. This has the effect of reducing
the amplitude of the peaks and the oscillations of the integrand in (1.5), thereby
increasing accuracy.

We were also able to verify the fusion transformation” for A = 0.05 and with pa-
rameters (T, Npax, L) = (8,20,2) with an accuracy of 9x 1077, It appears challenging

!To reach an accuracy of ~ 10716 we also decreased slighlty the value of the parameters epsabs
and epsrel of the Python method quad. We do not mention it in the main text for convenience.

2In this case we could not use the quad method due to high oscillations of the integrand. We
used the method CubicSpline.integrate instead.



to increase accuracy in this case, because the integrand has rather high oscillations.
As an illustration, the real parts of the integrand (1.5) for A = 0.5 and A = 0.05 are

shown in Figure 1.
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Figure 1: Plot of the real part of the integrand in (1.5) with p; = iz + A.

1.3.2 Comparing F with Ponsot and Teschner’s formula

We also compared the proposal (1.9) and Ponsot-Teschner’s formula (1.3) for the
following values of the parameters:

b 0.77

P 0.5i

p|l=106i|, P,=035 P =065
P 0.18i

P, 0.31i

In this case, the only parameter which controls the accuracy is the truncation
order T of the series. At these values of the parameters, the Ponsot-Teschner for-
mula gives approximatively 0.308 + 5.22x10722. We then performed the following
calculations:

Accuracy of Re (2x(1.9) - (1.3))
3.3 x1072
8.1 x10~*
5.8 x1076
1.0 x1078
1.8 x1071
5.2 x10714
12 9.0 x10716

olN|luolwl~lol

T
2.0




We also have similar orders of magnitude for the accuracy of the imaginary part.
We finally notice that we needed to multiply (1.9) by 2 because the equality is verified
in the domain Re(F;) > 0, where the series is seen to converge. By evenness of the
integrand in the fusion transformation (1.1), we then gain a factor of 2.

1.4 Relations to earlier works

In a nutshell, our strategy which led to the proposals was to find the correct ansatz
for the series and to solve the shift equations. We emphasize that, by construction,
the proposals for Fg_f) P, [};21 ]}jj] and f*‘l(;f)l P, [25;21 fﬁﬂ satisfy the same shift equations,
however, the two are not related by analytic continuation. A similar idea was pursued
by Zamolodchikov in [31] and led him to the discovery of the structure constants of
Liouville theory for ¢ < 1.

In the physics literature, seeking series solutions of the shift equations was ini-
tiated by Nemkov in [12] in the case of M, building on earlier works [6, 14] (see
also [13] for ideas related to F). It would be interesting to compare the formula
for M with Nemkov’s results. In the mathematics literature, Ruijsenaars derived
a rigorous series representation for a renormalized version of M dubbed relativistic
conical hypergeometric function (see [26, 28]), and our proposal for M is essentially
a rewriting of his findings. In particular, Ruijsenaars already wrote the series (1.26)
in [26, Equations (2.4), (2.59)]. He proved such a series representation by first con-
sidering the case where P, takes a set of values which is dense in the imaginary line,
and then by taking the interpolation limit.

1.5 Discussion and outlook

Below, we mention several directions that deserve further investigation.

e [t is important to understand better the analytic properties of the series f
(1.15). Moreover, several key identities (we have in mind (2.13) and (3.13), as
well as (2.12) for the coefficients of the series) are stated without proof, although
they have been verified numerically up to high order. Let us mention that the
one-point toric analogs of these three equations were proved by Ruijsenaars in
[25, 26].

o If1? = % with M and N coprime integers, then it can be seen from (1.17) that
the coefficients ¢y, (and, therefore, a,, (b, Ps)) diverge for n > N. Similarly, in
this case we also have that a,(b™!, P,) diverges for n > M. However, rather
surprisingly, it might well be that the series f itself has a well-defined limit as

bZ_>M3

~ - For instance, in the case b? = 1 we observed that the first two terms

3A similar observation was made by Ruijsenaars in the case of the series g entering M [26].



in the series, namely,

()11((77 PS>€—27Tth + Oq(b—l?PS)e—wa*lPt’
az(b, P,)e ™ 4 an (b7, P)e ™ P 4 ay (b, Py (b7}, Ps)e > em2m 7

have a well-defined limit as b — 1. Moreover, the numerical tests of the fusion
transformation (1.5) were performed for #* = 2. This indicate that the ap-
parent divergence of the series f at rational values of 42 is merely an artifact

of the formulas, and the limit should be well-defined.

We then conjecture that the limit 3? rational of f is well-defined. If true, it
would mean that the limits of F as ¢ — 25 and of F as ¢ — 1 are well-defined.
It would be interesting to compare such limits with the known fusion kernels.
At ¢ =1, it is proportional to the connection constant for the Painlevé VI tau
function [5, 11], whereas at ¢ = 25 a non-integral representation was recently
constructed by Ribault and Tsiares in [22].

The limit (1.7) implies that the coefficients «,, in (1.16) reduce to p, (1.28).
This is highly nontrivial and suggests that there exists a simpler, fully explicit
representation for o, in terms of g-Pochhammer symbols.

In [7], Ghosal, Remy, Sun and Sun provided a rigorous probabilistic construc-
tion of the four-point spherical conformal blocks and proved the fusion trans-
formation (1.1) for ¢ > 25 in a certain region of the parameter space. The
case of the one-point toric conformal blocks was also proved in [8]. It would be
interesting to obtain our formulas for F and M within their framework.

2 Formal derivation of the result

2.1 Solving the renormalized shift equations

In this section we explain how we arrived to the claims (1.9) and (1.10). The Virasoro

fusion kernel is known to satisfy two pairs of shift equations in P; and P, [23]. More

precisely, define the shift operators

Hg’s) [1;21 gj] — h(Ps)eibaPS + h(_Ps)efibaps + Vp, [1;)?1 Iljﬂ , (2.1)
a® [1;21 Ifﬂ = h(P)e 4 h(—P)e= "7 4 Vp, [];23 fjﬂ , (2.2)

with ey (P,) := y(P, 4+ ib) and where

h(P,) = 4n°

}Nl(Pt) == 47T2

[ (1+ 20 — 2ibP,) T (b2 — 2ibP,) T (—2ibP,) T (1 + b — 2ibP,)
[Lo T (% —ib(Pi+ Py + €Py)) T (%2 —ib(Ps + ePL + €5y))
['(1— 0%+ 2ibP,) T(1 4 2ibP,)T (2ibP, — 2b%) T (2ibP, — b?)
[To oo T (52 +ib(P+ P+ €Py)) T (552 +ib (P, + €Ps + € Py))

2



and

Ve, |2 f] = ~2cosh (27rb(P2 + P+ )

L Z [1._. cosh (wb(ePy — 2 — Py — kP,)) cosh (nb(eP, — & — Py — kP,)) (23)
sinh (27Tb(k:Ps + 2)) sinh (27rbk:Ps) '

Then, the Virasoro fusion kernel satisfies [23]

HERY L = 2cosh(2b* P)FY | (2.4)
I:I](Dliil)ngPt = QCOSh(Qﬂ'bilPS)ng,Pt. (2.5)

Ribault and Tsiares found in [22] that the image of F under the Virasoro-Wick
rotation

® [P p] . Prioayy i P
RFPS,Pt [1321 Pj] = FSFZ‘PM‘PS [sz ipj (2.6)

satisfies the same shift equations. As described in the introduction, the issue is that
RF is odd in P, and P;, hence it is a nonphysical solution of the shift equations.

Our strategy which leads to (1.9) and (1.10) is as follows. We introduce another
pair of shift operators®

b) | P2 P el Py P3| o [P P
DR [ ] = e e AD [ e v [ R @)
~(b) | P2 P: P> P
Dl(Dt) |:P?1 Pj] :ng) |:p23 P41i|7 (28)

where

A%’) [P2 Pg] _ 16 cosh(mb(Ps + Py + P, + %)) cosh(mb(Py + P3 + Py + %’)) (2.9)

P Py sinh(27bP;) sinh(27b(P; + 2))2 sinh(27b( Py + ib))

It will turn out that D and D are related to H and H by a similarity transformation.
Our first claim is that the series f in (1.15) satisfies the four shift equations

Dg’sﬂ) g’)P = 2cosh(27rbi1Pt)f£,b)Pt (2.10)
bﬂ fP = = 2cosh(27b™' P, )fP By (2.11)

Let us explain why it is so. Notice from (1.16) that we have e*®%:q; (b1, P,) =
a;(b™!, P,). Then, substitution of (1.15) into (2.10) with the plus sign leads to

2P Py ZZO‘Z P [ak+1(b P, —ib) + ax_1(b, P. +ib)AY

k=0 =0

+ ay (b, Ps)Véf) — ag_1(b, Ps) — agy1(b, ) e_zmpte_% = 0.

4The shift operators D and D were first introduced by Ruijsenaars in [27].

— 10 —



We now claim that the family of coefficients «, defined in (1.16) is the unique solution
of the shift-recurrence relation

(b, Py — ib) + a1 (b, Py + ib) AL + (b, P)VY) — g1 (b, P,) — cyr (b, Py) = 0

(2.12)
which satisfies a,,(b, Ps) — 0 as Re(P;) — +o00. We conclude that the series f
satisfies the two shift equations (2.10), since f is invariant under b — b~'. Finally,
we verified numerically in the domain of convergence of the series that

b Py P b Py P
f](33)7Pt |:1D1 pﬂ = f](3t3ps |:P3 P4i| . (2.13)

Therefore, f also verifies (2.11). Let us remark that we do not have an analytic proof
that a, in (1.16) satisfies (2.12), however, we verified it numerically up to high order.

2.2 Construction of F and F from the series

The first important observation is that the two series
(v) P> P (b) iP> iP3
fP37Pt |:P1 P4] and fiPS,iPt |:iP1 iP4i|

satisfy the same shift equations, because the shift operators D and D are invariant
under the transformations b — b, P, — iP;, 1 = 1,2,3,4,s,t. The second key
observation is that we have the similarity transformations between shift operators

Ko (2 0] 08 [ B (8 [ 0)) =0 2 8] ew
Ko [ 2] D8 [k B (k0 [ B)) =80 (2 8] @

as well as
R [ 0] 08 [ 5] (R [ 0]) " =80 (R 5] @)
R [ ] D [ B (R [ o) = m@ [ 1) @)

These transformations are readily verified using the shift identities for the double
Gamma function X
Ty(z+b)  V2m b2

e TOR (b—bh). (2.18)

We then conclude that F;;Eb)t [];21 gf] and B, (o2 ] satisfy the same shift equa-

tions (2.4) and (2.5). Finally, we arrive at the claims (1.9) and (1.10) by symmetrizing
with respect to Pi.

Let us finally explain why we added a phase in (1.13) and (1.14). The Virasoro
fusion kernel also satisfies shift equations in the external momenta [4], and we do
not consider them in this paper. This could a priori be problematic, because our

- 11 -



formulas would then be determined up to a function of b and of the external momenta.
However, we impose another condition on our formulas that, we believe, solves this
issue. More precisely, Ruijsenaars proved the leading asymptotics of a renormalized
version of F as |Re P;| — oo in [27], and we require that our proposal matches his
result. This is the reason why we added the phase in (1.13). Moreover, we added a
similar phase and a factor -i in (1.14) so that our proposals behave under Virasoro-
Wick rotations just like in [22].

2.3 Comparing the coefficients K and K by analytic continuation

P Py
the regime > € R_, that is ¢ < 1, since the function I', is not defined at these
iPy iPs
iP| Py

The prefactor K;Z),Pt [P2 Pz’} in (1.13) does not admit an analytic continuation to

values. Similary, the prefactor [A(i(j;bs)yipt [ } (1.14) does not admit an analytic

continuation to b* € R, . However, both K and K are well-defined for complex values
of b2, so they can be compared in this regime (note that the same argument was used
by Zamolodchikov in [31] to compare the structure constants of Liouville theory at

¢ < 1and ¢ > 25). Let b* € C such that Im (b*) < 0. Then, KJ(Dbs),Pt [];"1 ﬁﬂ can be

analytically continued to the point 8 = ib without crossing the half-line > € R_.

Moreover, utilizing the reflection formula [2, Equations (8-9)] for a function closely
Fg(z,b,bil)

related to Iy, together with the definition I'y(2) = La($,bb-1)’ we have
in(Q—22)2 <_€mb_27 62iﬂb_2>
Ty(2)Dip(—iz +1b) = e 1o =5 (2.19)

(62i7rb* 1z , €2i7rb*2 ) -

This identity can be used to express the ratio K/ K in terms of g-Pochhammer
o o\ 1
symbols. More precisely, denoting #(z) := (em“b 'z g2imb 2> , we find that

o0

(b) P, Ps
Ps,P, | P, Py

£-(ib) iPy iPs3
Kz’Ps,iPt iPy iPy

_ 2in(Pprg Py Py 0 (2.20)
H(2iP)H(Q + 2iP,) t($ — il £iPy £ iPy)t(
t(—2iP)t(Q — 2iP) t($ +iPy £ iPy £ i Py )t(

2.4 Domain of convergence of the series f

—iP,+iP +iP)

+iP, il £ iP)

O[]0

2

We have not analytically determined the convergence domain of the series f, and
our numerical checks were conducted within a parameter range where the series f is
observed to converge.

We now exhibit a region of the parameter space where the series is likely to
converge. We first restrict b € R such that b* ¢ Q and such that b? is not a Liouville
number, that is,

Elma qo € N7 V(p, Q) S 7 X ZZ‘IO?

b — 73‘ > L (2.21)
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The assumption that v ¢ Q implies that sin(nmb?) # 0, whereas the assumption
that b? is not a Liouville number implies that m admits a polynomial bound as
n — oo [19)°.

Next, we require that P; € iR for ¢« = 1,2,3,4 so that the coefficients ¢,, in
(1.17) do not diverge exponentially as n — oo. Then, for P; € R we expect that the

series f }f’) P, [];21 gf’] converges in the domain D = D, U D_ where

Dy = {P, € C| |exp(—2nb*'P)| < 1}.

We finally notice that in Liouville theory for ¢ < 1 we have g € R and the spec-
trum of the theory imposes that p;, ps € iR [21]. Thus we have |exp(—273*!p;)| = 1,
and the series diverges. However, in the fusion transformation (1.5) a nonzero real
value A is added to p;. We can choose it to be positive so that the series converges.

3 Consistency checks

3.1 The cases ¢ =1 and ¢ = 25 with special external momenta

We now show that for special external momenta, namely A(P;) = 12 (resp. A(P;) =

&), the fusion kernels F for ¢ — 25 (resp. F for ¢ — 1) have well defined limits
which correspond to the known formulas [22]. More precisely, we have

i @ P |
11)1_13 F]ijs’g)g)t |:if42¢b41:’:| = q:iﬁlGPSQ—PEeiZwrPsPt’ (31)
lim B0 | T | s tzimn (3.2)
Byl PePr | B 51 ) :

which implies that

i b P
lim Fy {Z,ib_“;b] = FHGP?—P? sin(2r P, ), (3.3)
. w8 2 9
E_)H} Fl(f:?pt [ifiiﬁjif} = 16" 775 cos(2mpspy). (3.4)

The cases ¢ = 25 and ¢ = 1 are proved in the same way, hence let us focus on ¢ = 25.
Notice that it is a priori puzzling that we do not send all P,’s to ib/4. The key is that
by continuity, it should not matter how we approach the values P; = /4. However,
we observed that the way (3.3) approaches the limit makes the computation trivial,
as we see below.

We consider the limit (3.3) of F+®) since the case of F~®) consists of sending
P, — —P;. The crucial observation is that all coefficients ¢, (P, P, P3, P;) and

5We thank Sylvain Ribault for pointing out the importance of ensuring that b? is not a Liouville
number.
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Gun(P1, P+ 4, P3+ 2, Py) vanish foralln > 0at P = P, = Py =2 and P, = 2 — %

This implies that at these values asq(b, P;) = aso(b~!, Ps) = 0. Therefore, only the
terms k = = 0 in the sum (1.15) are nonzero and we obtain

fon [] = A, (3.5)

It remains to compute the limit of the prefactor K. Utilizing the identity

where G(z) is the Barnes G-function, we obtain

ib b
lim K@ Fuly
by PP |ib b

4 4 2b
Caiprpy G(2 = 2iP)G(=2iP,) G(} + iP.)*G(1 +iP.)'G(3 + iP,)’
G(2+2iP)G(2iP,) G(3 —iP)2G(1 —iP)*G(3 —iP)*

= i(2m)
Thanks to the doubling identity
1
G(2z) =C 22'Z(Z*1>(27r)*ZG(5 + 2)2G(1 + 2)G(2) (3.7)

where C' is an unimportant constant, we obtain

ib b

: (b) T 1 | _ q1pP2-p2
M Kpip o', | =116

4 4 2b

G(1+1iP,)? G(2—iP)G(—iP,)
G(2+iP)G(iP,) G(l—iP)?

(3.8)

It finally remains to utilize G(1 + z) = I'(2)G(z), as well as I'(1 + z) = z2I'(z) to
obtain the desired result.

3.2 Crossing symmetry of Liouville theory

In this section we show that proving the crossing symmetry of Liouville theory on
the Riemann sphere for any irrational central charge boils down to proving a single
nontrivial identity satisfied by the series f.

There exists a normalization of the primary fields in which the two and three-
point correlation functions of Liouville theory for ¢ € C\(—o0, 1] are [18]

BY = [[ro(*2iP)Ty(@£2P),  CHp p= [[ To(§ £ P+ P+ ). (3.9)
n +,4,%

Similarly, for ¢ < 1 we have

1 A(b) 1

A b)
Bp = o pib) Py,Py, Py —
4P2B;y

. 3.10)
ib (
Ci(Pl),in iPs
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The crossing symmetry equations for the four-point correlation function on the sphere
for ¢ € C\(—o00, 1] and ¢ < 1 can then be recasted in terms of the fusion kernels:

(b) (0)

() (0)
Cpi,py, 2, O Py,Py 1a(0) [PQ PS] _ CropynCrpup o) [PZ‘ P 1} (3.11)
®) Ps,Pe | Py Py| — ®) PuPs | Py Py > '
BPS BPt
2 (b) A (b A(b) A(b
A D a0 [P P Cpp,2.Cpy i, RO P (3.12)
5O PP | PPy = PoPs | Py Pu] - '
P,

NC
: By,
Thanks to the duality (2.13), it can readily be verified that F* and B satisfy (3.11)
and (3.12), respectively (note that for the latter we also need the shift identity (2.18)).
It then remains to show that F~ and F~ satisfy the same equations. However, in
this case the series do not trivially cancel. Keeping track of all factors, we find that

F~ and F~ respectively satisfy (3.11) and (3.12) if the series f satisfies

f(b) [Pz Pg]
R RS ES R ) [Pg Pg] u® [Pg Pl]’

f(b) [PQ P1] T UPs | P Py —P; | P3s Py (313)
—P,Ps | P3 Py

where
) [pz pg]  Sy(Q +2iP,) Sy(§ —iP £ iPy — iP,)Sy(2 — iPy £ iPy — iP)
PolPe Pl S(Q = 2iPy) Sy($ —iPy 0Py +iPy)Sy($ — iPy £ iPy +iPy)’

We verified this identity numerically up to high order in the domain of convergence of
the series. Let us finally mention that a similar identity in the case of the one-point
torus satisfied by the series g (1.26) was proved by Ruijsenaars, see [26, Equation
(2.29)].

3.3 The Virasoro-Wick rotation

Our proposals (1.9) and (1.10) for the Virasoro fusion kernels at ¢ > 25 and ¢ < 1
resemble each other. In fact, the components F* and F* are related by a Virasoro-
Wick rotation (2.6). More precisely, in this section we show that for j = + we
have
() [P P3| _ . 5Ni(B) (P2 P
RE) |72 ] = =33 [ ). (3.14)

The case j = + is straightforward, because thanks to the identity (2.13) the two
series cancel each other. It then suffices to handle the ratios of I';, functions by using

the shift identity (2.18). The case j = — necessitates an extra step. More precisely,
we have )
—(0) | P2 P3 (B) p2 P17 £(B) P2 Pl
RFPS’Pt [Pl P4] _ &K—pt,ps [ps p4} fpepe [p3 p4] (3.15)
o (B) ez p3) o p(B) 2 p3) p(B) P2 ps)’ '
iFplpe [;1 pf] Ps K25 e [p21 pﬂ Fpon [;1 pf]

We then use the identity (3.13) as well as the definition Sg(z) = I'5(2)/T3(Q — 2).
The remaining part of the computation is straightforward: the resulting ratio of
functions I's simplifies nicely thanks to (2.18).
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3.4 The modular S matrix for the Virasoro characters

When the external field is the identity field, that is Py = %, the Virasoro modular
kernel M becomes proportional to the modular S matrix for the Virasoro characters
[3]. We now verify that the formula (1.20) satisfies this limit. In fact, when Py = §
(that is, ap = 0) the coefficients p in (1.28) satisfy p>; = 0. A straightforward
computation then shows that

i, b ZQ 17 Ps Py
MEG 2] - va e, (3.16)
hence we have .
My, {g} = /2 cos(47P,P), (3.17)

as expected from [3].
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