
ar
X

iv
:c

on
d-

m
at

/0
70

10
06

v1
  [

co
nd

-m
at

.m
es

-h
al

l]
  3

0 
D

ec
 2

00
6

Levelrearrangem ent in exotic atom s and quantum dots

M onique Com bescure,1 Avinash K hare,2 Ashok Raina,3 Jean-M arc Richard,4,5 and Carole W eydert5

1
Institut de Physique Nucl�aire de Lyon, CNRS-IN2P3 and Universit�e Claude Bernard,

4, rue Enrico Ferm i, 69622 Villeurbanne cedex, France
2
Institute of Physics, Bubhaneswar, India

3
Tata Institute ofFundam entalResearch,SchoolofNaturalSciences,Hom iBhabha Road,M um bai400005,India

4
LPSC{CNRS-IN2P3, 53, avenue des M artyrs, 38021 G renoble cedex, France

5
Universit�e Joseph-Fourier, G renoble, France

A presentation and a generalisation are given ofthe phenom enon oflevelrearrangem ent,which

occurswhen an attractivelong-rangepotentialissupplem ented by a short-rangeattractivepotential

ofincreasing strength.Thisproblem hasbeen discovered in condensate-m atterphysicsand hasalso

been studied in the physics ofexotic atom s. A sim ilar phenom enon occurs in a situation inspired

by quantum dots,where a short-range interaction isadded to an harm onic con�nem ent.

PACS num bers:36.10.-k,03.65.G e,24.10.H t

I. IN T R O D U C T IO N

In 1959, Zel’dovich [1]discovered an interesting phenom enon while considering an excited electron in a sem i-

conductor.Them odeldescribingtheelectron{holesystem consistsofaCoulom b attraction m odi�ed atshort-distance

[2].A sim ilarm odelisencountered in thephysicsofexoticatom s:ifan electron issubstituted by anegatively-charged

hadron,thishadron feelsboth the Coulom b �eld and thestrong interaction ofthenucleus.TheZel’dovich e�ecthas

also been discussed foratom sin a strong m agnetic�eld [3].

Zel’dovich [1]and later Shapiro and his collaborators [4,5]look at how the atom ic spectrum evolves when the

strength ofthe short-rangeinteraction isincreased,so thatitbecom esm oreand m ore attractive.The �rstsurprise,

when this problem is encountered,is that the atom ic spectrum is alm ost unchanged even so the nuclear potential

at short distance is m uch larger than the Coulom b one. W hen the strength ofthe short-range interaction reaches

a criticalvalue,the ground state ofthe system leavessuddenly the dom ain oftypicalatom ic energies,to becom e a

nuclearstate,with largenegativeenergy.Thesecond surpriseisthat,sim ultaneously,the�rstradialexcitation leaves

the rangeofvaluesvery close to the pure Coulom b 2S energy and dropstowards(butslightly above)the 1S energy.

In otherwords,the\hole" leftby the1S atom iclevelbecom ing a nuclearstateisim m ediately �lled by the rapid fall

ofthe 2S.Sim ilarly,the 3S state replacesthe 2S,etc. Thisiswhy the processisnam ed \levelrearrangem ent". An

illustration isgiven in Fig.1,fora sim ple squarewellpotentialsupplem enting a Coulom b potential.
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FIG .1: S-wave spectrum ofthe Coulom b

potential(rescaled to e
2
= ~

2
=(2�) = 1)

m odi�ed by an attractivesquarewellofra-

diusb= 0:01,and variablestrength �:�rst

rearrangem ent(left)and second rearrange-

m ent (right). The dotted lines show the

pure Coulom b energies and the coupling

thresholds at which the square wellalone

supportsone ortwo S-wave bound states.

In thisarticle,the phenom enon oflevelrearrangem entisreviewed and generalised,to accountforcaseswhere the

narrow potentialis located anywhere in a wide attractive well. An exam ple is provided by a short-range pairwise

interaction acting between two particles con�ned in an harm onic potential,a problem inspired by the physics of

quantum dots. The basic quantum m echanics of exotic atom s willbe brie
y sum m arised, in particular with a

discussion aboutthe Deser{Truem an form ula thatgives the energy shift ofexotic atom s in term s ofthe scattering

length ofthe nuclearpotential.A pedestrian derivation ofthisform ula willbe given in Appendix,which extentsits

validity beyond the caseofexotic atom s.The link from the Coulom b to the harm oniccaseswillalso be discussed in

lightofthe fam ousK ustaanheim o{Stiefel(K S)transform ation,which isreviewed in severalpapers(see,e.g.,[6]and

refs.there)and �ndsherean interesting application.
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Thediscussion ism ainly devoted toone-dim ensionalproblem sortoS-states(‘= 0)in threedim ensions.In Sec.VI,

itisextended to the �rstP-state (2P),and itis shown thatthe rearrangem entis m uch sharperforP and higher‘

statesthan forS states.

II. C O U LO M B P O T EN T IA L P LU S SH O R T -R A N G E A T T R A C T IO N

The sim plestm odelofexoticatom scorrespondsto the Ham iltonian

H = � ��
1

r
+ �v(r); (1)

wherev(r)hasa rangethatisvery shortascom pared to theBohrradiusofthepureCoulom b problem .Throughout

thispaper,theenergy unitsaresetsuch that~2=(2�)= 1,where� isthereduced m ass.In (1)thescaling properties

ofthe Coulom b interaction are also used to �x the elem entary charge e = 1,withoutlossofgenerality. The study

willbe restricted hereto S-wavestates.The caseofP-statesorhigherwavesisbrie
y discussed in Sec.VI.

As an exam ple, a sim ple square wellv(r) = � �(b� r) is chosen in Fig.1, with a radius b = 0:01 which is

sm allcom pared to the Bohrradius,which is B = 2 in our units. Ifalone,this potential�v(r) requires a strength

�nb
2 = (2n � 1)2�2=4 to supportn bound statesin S-wave,with num ericalvaluesf�nb

2g = f2:46;22:2;:::g. These

areprecisely thevaluesatwhich theatom icspectrum isrearranged in Fig.1,with thenS statefalling intothedom ain

ofnuclearenergiesand allotheriS atom icstateswith i> n experiencing a sudden changeand dropsto (butslightly

above)theunperturbed (i� 1)S energy.

Thetheory oflevelshiftsofexoticatom sisratherwellestablished,seee.g.,[7,Ch.6].Thediscussion isrestricted

hereto non-relativisticpotentials,though exoticatom shavebeen m orerecently studied in thefram ework ofe�ective

�eld theory [8]. O rdinary perturbation theory is not applicable here. For instance,a hard core ofradius b m uch

sm allerthan the BohrradiusB producesa tiny upward shiftofthe level,while �rst-orderperturbation theory gives

an in�nite contribution!The expansion param eterhere isnot the strength ofthe potential,butthe ratio b=B ofits

range to the Bohrradius,and m ore precisely,the ratio a=B ofitsscattering length to the Bohrradius.The schem e

ofthis \radius perturbation theory" is outlined in [9]. For the sake ofthis paper,the �rst order term ofthis new

expansion issu�cient.Itisdue to Deseretal.[10],Truem an [11],etc.,and reads

E n � E0;n

E 0;n

’ �
4

n

�
a

B

�

; (2)

where a isthe scattering length in the potential�v(r). Here,E0;n (= � 1=(4n2)in ourunits)is the pure Coulom b

energy,and E n the energy ofnS levelofthe m odi�ed Coulom b interaction (n = 1;2;:::). O nly in the case where

�v(r)isvery weak,the scattering length isgiven by the Born approxim ation,i.e.,a / �,and ordinary perturbation

theory is recovered. A pedestrian derivation of(2) is given in Appendix A.The presence ofa instead of� in (2)

indicatesthatthe strong potential�v(r)actsm any tim es,so thatthe shiftisby no m ean a perturbativee�ect.

The Deser{Truem an form ula hassom etim esbeen blam ed forbeing inaccurate. In fact,ifthe scattering length is

calculated with Coulom b interferencee�ects,itisusually extrem ely good.,see,e.g.,[12]fora discussion and [13]for

higher-ordercorrections. However,thisapproxim ation obviously breaksdown ifthe scattering length becom esvery

large,i.e.,ifthe potential�v(r)approachesthe situation ofsupporting a bound state.

Now thepattern in Fig.1 can beread asfollows.Forsm allpositive�,theadditionalpotentialisdeeply attractive

but producesa sm allscattering length and hence a sm allenergy shift. As the criticalstrength � = �1 for binding

in �v(r) is approached,the scattering length increases rapidly,and there is a sudden change ofthe energies. The

ground-state ofthe system ,which is an atom ic 1S levelfor sm all� and a deeply bound nuclear state for � & �1
evolvescontinuously (from �rstprinciplesitshould be a concavefunction of�,and m onotonicifv(r)< 0 [14]).

Beyond the criticalregion � � �1,the scattering length a becom es sm allagain,but positive. Rem arkably,the

Deser{Truem an form ula (2)isagain valid,and accountsforthe nearly horizontalplateau experienced by the second

state nearE 0;1 = � 1=4. A spectroscopic study near� & �1 would reveala sequence ofseem ingly 1S,2S,3S,etc.,

states slightly shifted upwards though the Coulom b potentialis m odi�ed by an attractive term . This is intim ately

connected with very low energy scattering: a negative phase-shift � can be observed with an attractive potential

which hasa weakly-bound state,and m im icsthe e�ectofa repulsivepotential.(The di�erence willm anifestitselfif

energy increases:the phase-shiftproduced by a repulsive potentialwillevolve as�(T)! 0 asthe scattering energy

T increases,while forthe attractivepotentialwith a bound state,according to the Levinson theorem ,�(T)! � �.)

The occurrence ofan atom ic levelnearE 0;1 = � 1=4 for� & �1 can also be understood from the nodalstructure.

A deeply-bound nuclearstatehasa shortspatialextension,oftheorderb.To ensureorthogonality with thisnuclear

state,the�rstatom icstateshould develop an oscillation atshortdistance,with a zeroatr0 � b=2.Thiszeroisnearly
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equivalentto thee�ectofa hard coreofradiusr0.Hence,ifu(r)denotesthereduced radialwavefunction,theupper

partofthe spectrum evolvesfrom the boundary condition u(0)= 0 to u(r0)= 0,a very sm allchangeifr0 � B .

Aspointed out,e.g.,in Refs.[2,15],the �En / n� 3 behaviourisequivalentto a constant\quantum defect". For

instance,the spectrum ofperipheralS-wavesexcitationsofRydberg atom sisusually written as

E n = �
~
2

2�B 2

1

(n � �)2
; (3)

where B is the Bohrradius,� the reduced m ass,and � de�nes the quantum defect. A constant� is equivalentto

�En / n� 3,as for the Truem an form ula (2). Indeed,ifthe excitation ofthe inner electron core is neglected,the

dynam icsisdom inated by the Coulom b potential� 1=r feltby the lastelectron,which becom esstrongerthan � 1=r

when this electron penetrates the core. W ithin this m odel,one can vary the strength ofthis additionalattraction

from zero to its actualvalue,oreven higher,and ithasbeen claim ed thatthe Zel’dovich e�ectcan be observed in

thisway,especially athigh n [2].

III. T H E LIM IT O F A P O IN T IN T ER A C T IO N

The sim plest solvable m odelofexotic atom s is realised with a zero-range interaction. The form alism ofthe so-

called \point-interaction" iswelldocum ented,see,e.g.,[16],where the caseofa point-interaction supplem enting the

Coulom b potentialisalso treated,without,however,a detailed discussion ofthe resulting spectrum .

It is known that an attractive delta function leads to a collapse in the Schr�odinger equation. In m ore rigorous

term s,the Ham iltonian should be rede�ned to be self-adjoint. ForS-wave,a pointinteraction ofstrength g = 1=a,

located atr= 0,changestheusualboundary conditionsu(0)= 0,u0(0)= 1 (possibly m odi�ed by thenorm alisation)

by u0=u = 1=a atr= 0.Notethata isthe Coulom b-corrected scattering length.

In thism odel,the S-waveeigenenergiesaregiven by u0(0)=u(0)= 1=a applied to the reduced radialwavefunction

ofthe pureCoulom b problem ,which resultsinto [16]

F (� 2=k)= 1=a ; F (x)= 	(1+ x)�
1

2
ln(x2)�

1

2x
; (4)

in term s ofthe digam m a function 	(x) = � 0(x)=�(x). Using the re
ection form ula [17],the function F can be

rewritten as

F (� x)= � cot(�x)+ 	(x)�
1

2
ln(x2)+

1

2x
; (5)

explaining the behaviourobserved on the left-hand side ofFig.2. Equation (4)showsthata ! � 1 correspondsto

x

F (x)

−−3
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−

−2

−

−1

−

1

−

2

−

3 FIG .2: G raph ofthe function F used to

calculate the spectrum for a Coulom b po-

tentialsupplem ented byapointinteraction.

the plain Coulom b interaction,where E n = E 0;n. Forsm alldeviations,the Truem an form ula (2) can be recovered

form Eq.(4),asshown in [16]. The behaviourofthe �rstnS levelsisdisplayed in Fig.3,fora increasing from this

lim it:a sharp changesisclearly seen near1=a = 0,beautifully illustrating the Zel’dovich e�ect.

A com prehensive analytic treatm entofthe Zel’dovich e�ecthas been given by K ok etal.[15]using a delta-shell

interaction v(r)/ � �(r� R),both forS-wavesand higherwaves(‘> 0).
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FIG .3: First few energy levels in

a Coulom b potentialm odi�ed by a

pointinteraction ofstrength g.The

dotted linescorrespond to the pure

Coulom b levelsE 0;n.

IV . R EA R R A N G EM EN T W IT H SQ U A R E W ELLS

A . M odel

The patternsofenergy shiftsexperienced by exotic atom swhen the strength ofnuclearpotentialincreasescan be

studied in asim pli�ed m odelwherethethree-dim ensionalCoulom b interaction isreplaced byaone-dim ensionalsquare

wellsupplem ented by a narrow square wellin the m iddle: the odd-state sectorhasthe sam e type ofrearrangem ent

asthe exoticatom s,while the even sectorshowsa new type ofrearrangem ent.The e�ectofsym m etry breaking can

be studied by m oving the attractivespikeasidefrom the m iddle.

The potential,shown in Fig.4,reads

V (x)= � V1�(R
2
1 � x

2)� V2 �(R
2
2 � x

2); (6)

with value � V1 � V2 for0 < jxj< R 1,and � V2 forR 1 < jxj< R 2 and 0 forjxj> R 2,see Fig.4. Slightly sim pler

would bethe caseofan in�nitesquarewellin which an additionalwellisdigged:itcan be proposed asan exercise.

x

V

−V2

−V1 − V2

|
−R2

|
−R1

|
R2

|
R1

FIG . 4: O ne-dim ensional double square-

well

The starting point V1 = 0 with the m odel(6) is an one-dim ensionalsquare wellofdepth V2 and radius R 2. Its

intrinsic spectralpropertiesdepends only on the productR 2
2V2. W ith a value 80,which isrealised in the following

exam pleswith R 2 = 1 and V2 = 80,there are six bound states,three even levelsand three odd ones. See,e.g.,[18]

forsolving the squarewellproblem .

B . O dd states in a sym m etric double w ell

Besides a norm alisation factor
p
2,the odd sector is equivalent to the S-wave sector in a centralpotentialV (r).

Theradialwavefunction u(r)isthusu(r)= u1(r)= sin(r
p
V1 � k2)forr< R 1,and u(r)= u2(r)= u1(R 1)cos[k

0(r�

R 1)]+ u01(R 1)sin[k
0(r� R1)]=k

0 ifR 1 < r< R 2 with k02 = V2 � k2,and suitable changessin ! sinh and cos! cosh

ifk2 > V2. The eigenenergies can be obtained by m atching this interm ediate solution u2 to the externalsolution

u3(r) = exp(� kr) at r = R2 ,i.e.,im posing u2(R 2)u
0

3(R 2)� u02(R 2)u3(R 2) = 0. The calculation involves only

elem entary trigonom etricfunctions,and the spectrum can be com puted easily.

The energy levels as functions ofV1 are displayed in Fig.5. The rearrangem entpattern is clearly seen,and is

especially pronounced ifR 1 � R 2.The di�erence from the Coulom b caseisthat,forthe squarewell,when a bound

statecollapsesfrom the \atom ic" to the \nuclear" energy range,a new stateiscreated from the continuum .
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FIG .5:Levelrearrangem entoftheodd (thin line)and even (thick line)statesofthedoublesquare-well,with R 2 = 1,V2 = 80,

R 1 = 0:01 and increasing V1.

C . Even states in a double w ell

The even spectrum ofthe potential(6)isgiven by w(x)= w1(x)= cos(x
p
V1 � k2)for0 � x < R1,and w(x)=

w2(x)= w1(R 1)cos[k
0(x � R1)]+ w 0

1(R 1)sin[k
0(x � R1)]=k

0 ifR 1 < x < R 2 with k02 = V2 � k2,and suitable changes

sin ! sinh and cos! cosh ifk2 > V2.Then the m atching to w(x)= w3(x)= exp(� kx)givesthe eigenenergies.

The resultsareshown in Fig.5,with the sam eparam etersasforthe odd part.The sam epattern of\plateaux" is

seen asforthe odd parts,with,however,som enoticeabledi�erences:

� In quantum m echanicswith space dim ension d = 1 (actually forany d � 2),any attractive potentialsupports

at least one bound state. In particular,a nuclear state develops in the narrow potentialofwidth 2R 1 even

forarbitrarily sm allvaluesofitsdepth V1.Hence the ground-statelevelstartsim m ediately falling down asV1
increasesfrom zero,

� The �rsteven excitation does notstabilise nearthe value ofthe unperturbed even ground state,it reachesa

plateau corresponding to the �rstunperturbed odd state.

� Sim ilarly,each highereven levelacquiresan energy corresponding to the neighbouring unperturbed odd level.

� W hen V1R
2
1 reachesabout2.46,enabling thenarrow squarewellto supporta second state,a new rearrangem ent

isobserved,with,again,valuescloseto these ofthe unperturbed odd spectrum .

In short,the energies corresponding to the even states ofthe initialspectrum quickly disappear. The energies

corresponding to the odd statesrem ain,and becom e alm ostdegenerate,exceptwhen a rearrangem entoccurs.

The degeneracy observed in Fig.5 depends crucially on the addtionalpotentialbeing ofvery short range. For

com parison the case ofa wider range R 1 = 0:1 is shown in Fig.6. Though the rearrangem ent pattern is clearly

visible, the transition is m uch sm oother, and the alm ost degeneracy lim ited to sm aller intervals of the coupling

constantV1,and lesspronounced.

D . Spectrum in an asym m etric potential

To check theinterpretation ofthepatternsobserved fortheodd and even partsofthespectrum ,letusbreak parity

and consider the asym m etric double wellofFig.7. For the sake ofillustration,the centre ofthe spike is taken at

R 0 = 0:1.Thespectrum ,asa function ofV1,isdisplayed in Fig.8:Plateaux areobserved,again,with energy values

corresponding approxim ately to the com bination of(i)the spectrum in a wellofdepth � V2 between x = R 0 + R 1

and x = R 2 and a hard core on the left,i.e.,a boundary condition w(R 0 + R 1)= 0,and (ii)the spectrum in a well

ofdepth � V2 between x = � R2 and x = R 0 � R1 with w(R 0 � R1)= 0.
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FIG .6: Sam e as Fig.5, but for a wider

rangeR 1 = 0:1 fortheadditionalpotential.

x

V
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|
−R2

|
R0

|
R2

2R1

FIG .7:Asym m etric double square-well

Itisinteresting to follow how the wavefunction evolveswhen a rearrangem entoccurs.In Fig.9,the third levelis

chosen.ForV1 = 0,itisthe �rsteven excitation with energy E 3 ’ � 62:18,and the wavefunction u(x)isthe usual

sinusfunction m atching exponentialtails. O n the �rstplateau,with energy near� 70,thiswave function isalm ost

entirely located on the right. Asrearrangem enttakesplace,the probability isshared by both sides. O n the second

plateau,with a energy near� 73 corresponding to theground statein thewiderpartwith hard wallatR0,the wave

function ism ostly on the left.

W hen thenarrow wellhasonly deeply bound states,itactsasan e�ectivehard wallbetween thetwo boxes,atthe

rightand and theleftofR 0.However,when a new stateoccurswith a sm allenergy and an extended wavefunction,

itopensthe gate,and statescan m ovefrom the rightto the left,orvice-versa.

It is possible to study how the spectrum in Fig.8 evolves if the centre of the spike m oves to the right, i.e.,

R 0 ! R 2 � R1: the dotted line m ove up and disappear, while the dashed lines m ove down and becom e m ore

num erous. Eventually,ifthe depth V1 islarge,the spectrum becom esvery sim ilarto the odd partofthe spectrum

in Figs.4,5,exceptfor a change R 1 ! 2R 1 and R 2 ! 2R 2.;This illustrates again that for the upper partofthe

spectrum ,a deep holeisequivalentto a hard wall.

V . R EA R R A N G EM EN T IN Q U A N T U M D O T S

A . Levelrearrangem ent in an harm onic w ell

Thereisa considerablerecentliteratureon quantum dots[19],usually dealing with m any particlesin a trap,with

a m agnetic �eld. Let us consider the sim pli�ed problem oftwo particles con�ned by a wide harm onic trap,and

interacting with short-rangeforces,

H =
p
2
1

2m
+

p
2
2

2m
+ K r

2
1 + K r

2
2 + �v(jr2 � r1j): (7)

The centre-of-m assoscillatesin a pureharm onicpotential,and the separation r = r2 � r1 isgoverned by

h =
p
2

m
+ K r

2 + �v(r); (8)
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FIG .9: W ave function ofthe third levelin the asym m etric double square-wellofFig.7,with R 2 = 1,V2 = 80,R 1 = 0:01,

R 0 = 0:1 and variable V1 near a rearrangem ent. An enlargem ent ofthe region near x = 0:1 would con�rm that the wave

function and itsderivative are continuous.

Ifv(r)isattractive or,atleast,hasattractive parts,�v(r)willsupportbound statesforlarge enough �. The sam e

phenom enon oflevelrearrangem entis observed,as shown in the sim ple exam ple ofharm onic oscillatorand square

well.Asforthecaseofexoticatom s,thee�ectof\levelrepulsion"isobserved,thatovoidsany crossingoftrajectories

corresponding to the sam eorbitalm om entum .
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for an harm onic oscillator supplem ented

by a square wellofvariable strength,i.e.,

V (r) = r
2 � ��(b� r) and radius b =

0:01. The verticallinescorrespond to the

coupling�1 = �
2
=4and �2 = 9�1 atwhich

a �rst and a second S-wave bound state

occursin the square wellalone.

B . D ependence upon the radialnum ber

As for the theory,it is sim ilar to that ofexotic atom s. The analogue ofthe Truem an{Deser form ula,for any

long-rangepotentialcom bined with a short-rangfepotential,reads

�En ’ 4�aj�n(0)j
2
; (9)

indicating thattheenergy shiftisproportionalto thesquareofthevalueattheorigin ofthewavefunction ofthepure

long-rangepotential.Itisworth pointing thatthedependenceupon theradialnum bern isdi�erentfortheCoulom b

and the oscillatorproblem s:

� Fora narrow pocketofattraction added to an harm onic con�nem ent,the energy shifts atlarge n increase as

n1=2,sincethesquareofthewavefunction attheorigin isj�n(0)j
2 = 8=[

p
�B (n + 1;1=2)],whereB isthebeta

function.Butforvery argeenough n,the �rstnodesofthe radialfunction com ein therangeofv(r),and then

�E decreaseswith n.M oreover,forvery largen,theradialSchr�odingerequation isdom inated atshortdistance

by the energy term .

� Fora Coulom b interaction,j�n(0)j
2 / n� 3,and hence �En / n� 3,a well-known property ofexotic atom s. As

explained,e.g.,in a review article on protonium [20]and brie
y explained in Appendix,the �rstnode ofthe

nS radialfunction,asn increases,doesnotgo to 0. In the case ~2=(2�)= e2 = 1,the node ofthe 2S levelis

atr = 4,while the �rstnode ofnS atlargen isatr ’ 3:67.Hence the Coulom b wavefunction neverexhibits

nodeswithin the range ofthe nuclearpotential. M oreover,the energy term isalwaysnegligible in com parison

with �v(r)atshortdistances.

C . From C oulom b to harm onic rearrangem ent

TheK S transform ation [6]relatesCoulom b and harm onic-oscillatorpotentials.Theradialequation fora Coulom b

system in three dim ension (with ~ = 2� = 1)reads

� u
00(r)+

‘(‘+ 1)

r2
u(r)�

�

r
u(r)� E u(r)= 0 ; (10)

with u(0)= 0 and u(r)! 0 asr! 1 becom es

� �
00(�)+

L(L + 1)

�2
�(�)+ 4(� E )�2�(�)� 4��(�)= 0 ; (11)

ifr = �2,u(r)= �1=2�(�),and L = 2‘+ 1=2. The m odi�ed angularm om entum can be interpreted asrelevantin a

higher-dim ensionalworld [6]. ButEq.(11)isprecisely the Schr�odingerequation forthe three-dim ensionaloscillator

with (�xed)energy 4� and oscillatorstrength 4(� E )(which ispositive),i.e.,

4� =
p
� 4E (3+ 4n + 2L); n = 0;1;:::; (12)
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which isequivalentto the Bohrform ula

E = �
�2

4(1+ n + ‘)2
; (13)

where1+ n + ‘isthe usualprincipalquantum num berofatom icphysics.

Now,an additionalpotential�v(r) in the Coulom b equation results into a short-range term 4��2v(�2) added to

theharm onicoscillator,and allresultsobtained forexoticatom stranslateinto thepropertieslisted fora narrow hole

added to an harm onicwell.

Note thatthe n dependence is also explained. In the K S transform ation,the energy E (E < 0)in the Coulom b

system becom esthe strength � 4E ofthe oscillator,while fourtim esthe �ne structure constant,i.e.,4� (� > 0 for

attraction)becom esthe energy eigenvalue ofthe oscillatorwith angularm om entum L. Ifn increases,the oscillator

deduced from theK S transform ation becom eslooser,and hencelesssensitiveto theshortrangeattraction 4��2v(�2).

To m aintain a �xed oscillatorstrength,oneshould im aginea di�erentCoulom b system foreach n,with � / n,hence

a Bohrradius independent ofn,and a wave function atthe origin j�(0)j2 / n� 1 instead ofn� 3 in the usualcase.

Then,in thissituation,�E / n� 1 forthe Coulom b system ,and �� / n1=2 forthe harm onicoscillator.

V I. R EA R R A N G EM EN T A N D LEV EL O R D ER IN G

In the above exam ples,there is an interesting superposition ofpotentialswith di�erentlevel-ordering properties.

A squarewellpotential,ifdeep enough to supportm any bound states,hasthe ordering [21]

1S < 2P < 3D < 2S < ::: : (14)

W e are adopting here the sam e notation as in atom ic physics is adopted,i.e.,2P is the �rst P-state,3D the �rst

D-state,etc.TheCoulom b potential,on the otherhand,exhibitsthe well-known degeneracy

1S < 2S = 2P < 3S = 3P = 3D < :::; (15)

while forthe harm onic-oscillatorcase,

1S < 2P < 2S = 3D < ::: ; (16)

with equalspacing.

Thepattern of1S,2S and 2P levelsforCoulom b (left)orharm onicoscillator(right)supplem ented by a short-range

squarewellofincreasing strength isgiven in Fig.11.
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FIG .11: 1S and 2S levels (solid line) and

2P level(dotted line), for Coulom b (left)

orharm onic-oscillator(right)potentialplus

a square wellofradius b = 0:1 ofincreas-

ing strength �.Thehorizontallinesarethe

unperturbed values,the verticalones indi-

catethestrength � atwhich thesquarewell

alone startssupporting a new bound state.

In the Coulom b case,the degeneracy isbroken atsm all� asE (2S)< E (2P )since the 2P wavefunction vanishes

atr= 0.The2S dropswhen the1S statefallsinto theregion ofdeep binding.However,the2P statebecom esbound

into the square wellnear �b2 = �2,earlierthan the 2S for which this occurs near �b2 = 9�2=4. This explains the

observed crossing.

In the harm onic oscillator case, there is a rem arkable double crossing. The 2S drops by the phenom enon of

rearrangem ent,and crossesthe 2P levelwhich is�rstalm ostunchanged. W hen the 2P levelbecom esbound by the

square-well,itcrossesagain the 2S,which fallsdown forhigherstrength.

Note thatthose patternsdo notcontradictthe generaltheorem son levelordering,which have been elaborated in

particularforunderstanding the quarkonium spectra in potentialm odels[22,23].Ifthe squarewell�v isconsidered

asthe large n lim itof�vn(r)= � �=[1+ (r=b)n],the Laplacian �v n = (rvn)
00=r can be calculated explicitly,and is
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easily seen to bepositiveforsm allrand negativeforlarger.Hencethetheorem [22,23]stating thatE (2P )< E (2S)

if�V > 0 and vice-versa cannot be applied here. In our case V = � 1=r+ �v,with the Coulom b part having a

vanishing Laplacian,orV = r2 + �v,with �(r 2)> 0.

Figure11 clearly indicatesthatthe rearrangem entism uch sharperforP-statesthatforS-states.The study could

be pursued for higher value ofthe orbitalm om entum and the rearrangem ent would be observed to becom e even

shaper.

V II. O U T LO O K

In thisarticle,som e rem arkable spectralpropertiesofthe Schr�odingerequation have been exhibited,which occur

when a strongshort-rangeinteraction isadded to a wideattractivewell.W hen theshort-rangepartisdeep enough to

supportoneorm orebound states,itactsasrepulsivebarrieron theupperpartofthespectrum .Thusthe low-lying

levelsare approxim ately those which are in wide well,with,however,the condition thatthe wave function vanishes

in the region ofstrong attraction.

It is interesting to follow the spectrum as a function of the strength of the additionalshort-range attraction.

The energy curve exhibitsharp transitionsfrom intervalswhere they vary slowly. Thisisthe phenom enon oflevel-

rearrangem ent,discovered yearsago,and generalised here.

It is worth pointing out an im portant di�erence between one and higher dim ensions regarding rearrangem ent

phenom enon.Sincein onedim ension,onehastheinequality E n� 1 < E n,therecannotbeany crossingoflevelsduring

rearrangem ent.However,while in higherdim ensions,therecannotbe any crossing between levelswith sam eangular

m om entum ,severalcrossingsoflevelswith di�erentangularm om entum willnorm ally occur.

M ostapplicationsin the literature dealwith exotic atom s,butthe phenom enon was�rstrevealed in the context

ofcondense-m atterphysics,and could well�nd new applicationsthere.Layerscould be com bined,with a variety of

voltages,and a variety ofinterlayerdistances,and the situation can perhapsbe realised where a tiny change ofone

ofthe voltagecould provokea sudden changeofthe bound statespectrum .

Theproblem ofparticlesin atrap,with individualcon�nem entand anadditionalpairwiseinteraction,hasstim ulated

acopiousliterature,butthelevelrearrangem entoccurringatthetransition from individualbindingtopairwisebinding

wasneverunderlined,atleastto ourknowledge.

Severalfurtherinvestigationscould be done.Theproblem ofabsorption hasalready been m entioned,and itisour

intent to study it in som e detail. The subject is already docum ented in the case ofexotic atom s,as pions,kaons

and especially antiprotons have inelastic interaction with the nucleus. It has been shown that the phenom enon of

rearrangem entdisappearsifthe absorptive com ponentofthe interaction becom estoo strong. See,e.g.,[24,25]and

refs.there.

Itcould be also ofinterestto study how the system behave,asa function ofthe coupling factors,iftwo orm ore

attractiveholesareenvisaged inside a singlewide well.

A P P EN D IX A :T R U EM A N {D ESER FO R M U LA

W e give here a pedestrian derivation ofthe Truem an{Deserform ula. Considera repulsive interaction added to a

long-rangeattractive potentialV0(r)in unitsuch that~2=(2m )= 1. Thisshort-rangerepulsion,atenergy E ’ 0 is

equivalentto a hard core potentialofradiusa,where a isthe scattering length ofV . Hence the pure Coulom b and

the m odi�ed Coulom b problem sresultsfororbitalm om entum ‘= 0 into

� u000(r)+ V0(r)u0(r)= E 0u0(r); u0(0)= 0 ; u0(1 )= 0 ;

� u00(r)+ V0(r)u(r)= E u(r); u(a)= 0 ; u(1 )= 0 : (A1)

Afterm ultiplication by u and u0,respectively,the di�erence leadsto

(E � E0)

Z
1

a

u0(r)u(r)dr = u
0(a)u0(a): (A2)

In the LHS,the integralisclose to the norm alisation integralofu0 oru,i.e.,close to unity.IfV0(r)issm ooth,then

u(r)doesnotdi�erm uch from the shifted version u0(r+ a)ofthe unperturbed solution.Hence u0(a)’ u0(0).Also

u0 isnearly linearnearr= 0,and u0(a)’ u0(0)a,and eventually

E � E0 ’ u
0(0)2a : (A3)
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which reducesto (2)ifV0(r)= � 1=r. Fora m oderately attractive potential,a isnegative,butthe form ula and its

derivation rem ain valid.

Fora Coulom b potential,thesquareofwavefunction attheorigin ofthenS state,j�n(0)j
2 = u0

n
(0)2,decreaseslike

1=n3,and so doesthe energy shift,a property which iswellknown forexoticatom s.

Then-dependenceofj�n(0)j
2 hasbeen discussed,e.g.,in thecontextofcharm onium physics[22,23].Forpower-law

potentials�(�)r� (� isthe sign function),j�n(0)j
2 increaseswith n if� < 1,and decreasesif� > 1. If� = 1,then

j�n(0)j
2 isindependentofn (afternorm alisation).Thiscan be seen from the Schwingerform ula [22,23]

u
0(0)2 =

Z
1

0

V
0(r)u2(r)dr ; (A4)

which isalso usefulfornum ericalcalculations.

Forthe harm onicoscillator(rescaled to � u00(r)+ r2u(r)= E u(r)forS waves),itcan be shown that

u
0

n
(0)2 = 1=B (3=2;3=2+ n=2)�

p
n ; (A5)

in term softhe Eulerfunction B (x;y)= �(x)�(y)=�(x + y).

Note that the question ofa large n lim it has a di�erent answer for the Coulom b and oscillator cases. In the

form ercase,then-S radialwavefunction un(r)extendsoutsidewhen n increases,with an asym ptoticdecrease(in our

norm alisation)exp(� r=(2n).The 2S state isu2(r)/ r(4� r)exp(� r=4)hasits�rst(an unique)node atr1(2)= 4.

As n increases,this �rst node r1(n) necessarily decreases,as a consequence ofthe interlacing theorem ,however,

lim n! 1 ’ 3:67,the �rstnode ofthe Besselfunction which satis�esy00+ y=r = 0,y(0)= 0. Hence ifa potentialis

short-ranged for1S,itisalso short-ranged forallnS states,and also forstateswith orbitalm om entum ‘> 0. O n

the otherhand,forthe harm onicoscillator,allnS stateshaveaboutthe sam esize,with the sam easym ptoticfall-o�

exp(� r2=2).Asn increases,theradialequation isapproxim atelyu00+ 4nu = 0,with �rstnoder1(n)� �=
p
4n.Hence

an additionalpotentialwhoserangeisshortbut�nitewillfeelthenodestructureofstateswith very high n,and the

approxim ation leading to the generalised Deser{Truem an form ula (2)ceasesto be valid. These considerationshold

foran harm onicoscillatorwith �xed strength.
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