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W estudy a voltage-driven quantum pointcontact(Q PC)strongly coupled to a qubit.W epredict

pronounced observablefeaturesin the Q PC currentthatcan be interpreted in term sofhalf-integer

chargetransfers.O uranalysisisbased on theK eldysh generating functionalapproach and contains

generalresults,valid forallcoherentconductors.

The quantum pointcontact1 hasbecom e a basic con-
ceptin the�eld ofQ uantum Transportowing to itssim -
plicity.Itscom m on experim entalrealization isa narrow
constriction that connects two m etallic reservoirs. An
adequate theoreticaldescription forthis setup isa non-
interacting one-dim ensionalelectron gas interrupted by
a potentialbarrier.The barrieriscom pletely character-
ized by itsscattering m atrix.Thisenablesthescattering
approach to Q uantum Transport2. This allows one to
describe the average current through the Q PC,as well
asuctuationsaway from thisaverage,in term sofsingle
electronspassingthroughtheconstriction3.Thestrength
ofthe scattering approach is its ability to describe not
only traditionalrealizationsofa Q PC,but allcoherent
conductors,including di�usivewiresand tunneling junc-
tions.

Despitethecorrectnessofthenon-interacting electron
description, truly m any-body quantum correlations do
existand areobservablein a Q PC.They m anifestthem -
selvesin thefullcounting statisticsofelectron transfers3

and allow for detection of two-particle entanglem ent4

through the m easurem ent ofnon-localcurrent correla-
tions. Thissuggeststhatthe observation ofm any-body
e�ects in a Q PC crucially relies on a proper detection
schem e.In thisLetter,wegivean exam pleofhow an ap-
propriate detectoruncoverssuch non-trivialm any-body
e�ectsashalf-integercharges.

W e probe the Q PC with a charge qubit. Such a de-
vice has already been realized using single and double
quantum dots. Previously,the Q PC hasbeen used asa
detector ofthe qubit state5,6. W e propose a schem e in
which the roles are reversed. Provided the qubit and
Q PC are coupled strongly, the switching between the
qubit states is accom panied by severe Ferm i-Sea shake-
up in theQ PC.Thed.c.currentin theQ PC issensitive
to theratio ofthequbitswitching ratesand thereby pro-
videsinform ation aboutthesesevereshake-ups.

Before analising the system in detail, the following
qualitative conclusions can be drawn. The qubit owes
its detection capabilities to the following fact: In order
tobeexcited ithastoabsorb aquantum "ofenergy from
theQ PC.Here"isthequbitlevelsplitting,a param eter
that can be tuned easily in an experim entby m eans of
a gate voltage. The Q PC supplies the energy by trans-
fering charge from the high voltage reservoirto the low
voltage reservoir. The transferofcharge q allowsqubit

transitionsforlevelsplittings" < qV ,V being the bias
voltageapplied.
W ecan assum ethatsuccessiveswitchingsofthequbit

between itsstatesj1iand j2iare rare and uncorellated.
The qubitdynam icsare then characterized by the rates
�21 to switch from state j1i to state j2i and �12 from
j2i to j1i. The stationary probability to �nd the qubit
in statej2iisdeterm ined by detailed balanceto bep2 =
�21=(�12+ �21).Thisprobability can beobserved exper-
im entally by m easuringthecurrentin theQ PC.Thecur-
rentdisplaysrandom telegraph noise,switching between
two valuesI1 and I2.Thesecorrespond to the qubitbe-
ing in thestatej1iorj2irespectively.Thed.c.currentI
givestheaverageoverm any switchesand isthusrelated
to the stationary probability by I = (1 � p2)I1 + p2I2.
The valuesofI1,I2 and I aredeterm ined through m ea-
surem entand p2 isinferred.
W hen theQ PC and qubitareweakly coupled7,8,a sin-

gleelectron istransfered9.Thisliberatesatm ostenergy
eV ,im plying thatthe rate�21 iszero when "> eV and
the rate �12 is zero when " < � eV . The resulting p2
changesfrom 1 to 0 upon increasing"within theinterval
� eV < "< eV .Cuspsat"= � eV signify thatchargee
istransferred.[SeeFig.(2a)]
G uided by ourunderstanding ofweak coupling wecan

speculate asfollowsaboutwhathappensatstrong cou-
pling. Apart from single electron transfers,we also ex-
pectthe coordinated transfersofgroupsofelectrons. A
group ofn electrons can provide up to neV ofenergy
to the qubit. Therefore,peculiarities in p2 should ap-
pear at the corresponding levelsplittings " = � neV ,
n = 1;2;3;:::10 However,it is not aprioriobvious that
thesepeculiaritiesarepronouncedenough tobeobserved.
Thereason isthedecoherenceofthequbitstatesinduced
byelectronspassingthroughtheQ PC.TheFouriertrans-
form ofthequbittransition rateacquiresan exponential
dam pingfactore� W jtj,W � 1 beingthedecoherencetim e.
Thissm oothesoutpeculiaritiesattheenergyscaleW .In
thestrong coupling regim e,thedecoherencetim eisesti-
m ated to be short,W ’ eV=.Asa result,itisnotclear
whetherpeculiaritiesatneV arethedom inantfeatureat
strong coupling.
Therefore,strong coupling ofthe Q PC and the qubit

requires quantitative analysis. W e have reduced the
problem totheevaluation ofadeterm inantofan in�nite-
dim ensionalW iener-Hopfoperator. W e calculated the
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determ inantnum erically and found thatpeculiaritiesat
m ultiplesofeV arem inute.Theircontribution top2 does
notexceed 10� 4 and isseen only atlogarithm icscaleand
atm oderatecouplings.Instead,farm oreprom inentfea-
tures occurs at " = 1

2
eV . G eneralreasoning does not

predictthis.Straight-forward energy balanceargum ents
force us to conclude that qubit switching is accom pa-
nied by the transfer of charge e=2 through the Q PC.
Thisfreesup energy eV=2,stim ulating qubittransitions
when "< eV=2.In otherwords,the qubitswitching ex-
citesa half-integerchargeand sim ultaneously detectsit.
Fractionalchargeisknown to occurin strongly interact-
ing m any-electron system s11,12,13 in equilibrium .In con-
trastto this,the electronsin the Q PC can be regarded
non-interacting exceptduring theshorttim ethequbitis
switching. O ur system is also unusualin that the half-
integer charge is only produced during qubit switching
and isnotpresentin the equilibrium state.

Let us now turn to the details ofour analysis. The
system isillustrated in Fig.(1).TheHam iltonian forthe
system is

Ĥ = T̂+ Û1 j1ih1j+ (Û2+ ")j2ih2j+ (j1ih2j+ j2ih1j) (1)

The operator T̂ represents the kinetic energy of Q PC
electrons. The operator Ûk describesthe potentialbar-
rier seen by Q PC electrons when the qubit is in state
k = 1; 2 and corresponds to a scattering m atrix �sk in
the scattering approach. (W e use a \check" to indicate
a m atrix in the spaceoftransportchannels.) Q PC elec-
tronsdo notinteractdirectly with each otherbutrather
with the qubit. Thisinteraction isthe only qubitrelax-
ation m echanism included in ourm odel.W ework in the
lim it  ! 0 where the inelastic transition rates �12;21
between qubitstatesaresm allcom pared to the energies
eV and ".In thiscase,thequbitswitching eventscan be
regarded asindependentand incoherent.

Now considerthe qubittransition rate �21.To lowest

a

12

V

ε
b

12

V

ε

FIG .1: A schem atic picture of the system considered. It

consistsofa chargequbitcoupled to a Q PC.Theshapeofthe

Q PC constriction,and hence its scattering m atrix,depends

on the state ofthe qubit. The Q PC is biased at voltage V .

A gate voltage controlsthe qubitlevelsplitting ".There isa

sm alltunneling rate  between qubitstates.

orderin the tunneling am plitude  itisgiven by

�21 =2
2Re

Z 0

� 1

d� e
i"�

� lim
t0! � 1

tr
h
e
iĤ 2�e

� iĤ 1(� � t0)�0e
iĤ 1(� � t0)

i
: (2)

Thisisthe usualFerm iG olden Rule.The Ham iltonians
Ĥ 1 and Ĥ 2 are given by Ĥ k = T̂ + Ûk and represent
Q PC dynam icswhen the qubitisheld �xed in statejki.
The trace isoverQ PC states,and �0 isthe initialQ PC
density m atrix.Theevaluation oftheintegrand isa spe-
cialcase ofa generalproblem in the extended K eldysh
form alism 14.Thetaskistoevaluatethetraceofadensity
m atrix after\bra’s" haveevolved with a tim e-dependent
Ham iltonian Ĥ � (t)and \kets" with a di�erentHam ilto-
nian Ĥ + (t).

e
A = tr

h
T +

e
� i

R

1

� 1
dtĤ + (t)�0T

�
e
i

R

1

� 1
dtĤ � (t)

i
: (3)

W e im plem ented the scattering approach to obtain the
generalform ula

A = trln
h
ŝ� (1� f̂)+ ŝ+ f̂

i
� trln ŝ� : (4)

The operators ŝ� and f̂ have both continuous and dis-
crete indices. The continuousindicesreferto energy,or
in the Fouriertransform ed representation,to tim e. The
discrete indices refer to transport channelspace. The
operators ŝ� = �s� (t)�(t� t0)are diagonalin tim e. The
tim e-dependent scattering m atrices �s� (t) describe scat-
tering by theHam iltonians Ĥ � (t)atinstantt.(Itisthe
hall-m ark ofthe scattering approach to express quanti-
ties in term s ofscattering m atrices rather than Ham il-
tonians.) The operator f̂ = �f(E )�(E � E0) is diagonal
in the energy representation.The m atrix �f(E )isdiago-
nalin channelspace,representingtheindividualelectron
�lling factorsin the di�erentchannels.A fullderivation
ofEq.(4)willbe given elsewhere.Itgeneralizessim ilar
relationspublished in15,16.
In order to apply the generalresult to Eq. (2),the

tim e-dependentscattering m atrices�s� (t)arechosen as

�s+ (t)= �s1 + �(t� �)�(� t)(�s2 � �s1); (5)

�s� = �s1: (6)

The Q PC scattering m atrices �s1(�s2) with the qubit in
the state1(2)arethem ostim portantparam etersofour
approach.
W ithouta bias-voltage applied,the Q PC-qubitsetup

exhibits the physics of the Anderson orthogonality
catastrophe17. For the equilibrium Q PC,the problem
can be m apped15 onto the classic Ferm iEdge singular-
ity (FES) problem 18,19,20. The authors of15 e�ectively
com puted A in equilibrium . O ur setup is sim pler than
thegenericFES problem sincethereisnotunneling from
thequbitto theQ PC.Asa result,notallprocessescon-
sidered in15 are relevant for our setup. W e only need
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theso-called closed loop contribution.Therelevantpart
ofthe FES result for our setup is an anom alous power

law �(0)21 (")= �(� ")1
j"j

�
j"j

E c:o:

��
forthe equilibrium rate.

HereE c:o: isan uppercuto� energy.The anom alousex-
ponent � is determ ined by the eigenvalues of�sy2�s1

21 as

� = 1

4�2

�
�
�Trln2(̂syf ŝi)

�
�
�. The logarithm is de�ned on the

branch (� �;�].Fora one ortwo channelpointcontact,
0 < � < 1.
W enow givethedetailsofourcalculation fortherates

outofequilibrium . From Eq. (2)and Eq. (4)itfollows
that�21(")/ j2j

R1
� 1

d� e� i"�DetQ̂ (V )(�).Forpositive

tim es�,the operatorQ̂ (V )(�)isde�ned as15.

Q̂
(V )(�)= 1+ (�s� 12 �s1 � 1)̂�(�)f̂(V ) (7)

while for negative �,Q̂ (V )(�) = Q̂ (V )(� �)y The tim e-
intervaloperator�̂(�)= �(t� t0)�(t)�(� � t)isdiagonal
in tim eand actsastheidentity operatorin channelspace
fortim est= t0 2 [0;�]and asthe zero-operatoroutside
thistim e-interval.
Forthe purpose ofnum ericalcalculation ofthe deter-

m inant we have to regularise Q̂ (V )(�). This is done by
m ultiplying with the inverseofthe zero-biasoperatorto

de�ne a new operator ~Q (�) = Q̂ (0)(�)
� 1

Q̂ (V )(�). Its
determ inant is evaluated num erically. The rate �21(�)
at bias voltage V is then expressed as the convolution
�21(") =

R
d"

0

2�
�eq21(" � "0)~P ("0) ofthe equilibrium rate

and the Fourier transform of ~P (�) = Det~Q (V )(�),that
containsalle�ectsofthe biasvoltageV .
W e im plem ented this calculation num erically, and

com puted the probability p2 to �nd the qubit in state
j2i. Details ofour num ericalm ethod are presented in
Appendix A.O urm ain resultsarepresented in Fig.(2).
W e used 2� 2 scattering m atricesparam etrized by
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FIG .2:The occupation probability p2 ofqubitstate j2i. At

weak coupling between the Q PC and qubit,(Fig. a, b) the

transferofa single electron with charge e is detected. Pecu-

liarities at � eV=2 at strong coupling (Fig. c, d) constitute

the detection ofhalfinteger charges e=2. Scattering m atri-

ces were param eterized as in Eq. 8. Fig. a, b, c and d

respectively correspond to � = �=16,�=4,7�=10 and 4�=5.

�s� 12 �s1 =

�
cos� isin�
isin� cos�

�

(8)

and repeated thecalculation forseveral� 2 [0;�].Sm all
� correspondsto weak coupling.The curveat� = �=16
is alm ost indistinguishable from the perturbative weak
coupling lim it discussed in the introduction. Cusps at
� eV indicatethatqubitswitchingisaccom panied by the
transferofchargee in the Q PC.
Theincreasingdecoherencesm oothesthecuspsforthe

curve at� = �=4 (2b). W hen the coupling isincreased
beyond � = �=2stepsappearat� eV=2(c).Thisim plies
chargefractionalization e! e=2.Furtherincreaseofthe
coupling resultsin a sharpening ofthe steps(d).
K nown m echanism sofcharge fractionalization do not

seem to provide an im m ediate explanation ofour �nd-
ings.TheQ uantum Hallm echanism 11 doesnotgiveeven
fractionswhiletheinstantonm echanism 12 requiresaqua-
siclassicalboson �eld.Thereisan indirectanalogy with
the m odelofinteracting particleson a ring threaded by
a m agnetic ux13. There,one expects that the energy
eigenvalues are periodic in ux with period ofone ux
quantum . However,the exact Bethe-Ansatz solution13

revealsa double period ofeigenvalueswith adiabatically
varying ux. This is a signature ofhalf-integer charge
quantization.
Forournon-equilibrium setup,energy eigenvaluesare

not particulary useful. The naturaleigenvalues to de-
scribethephenom enon arethoseoftheoprator ~Q (V )(�).
They depend on theparam etereV � which isan analogue
ofux. The product ofthe eigenvalues,i.e. the deter-
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FIG .3: The behavior ofeigenvalues for at weak and strong

Q PC-qubitcoupling respectively. The param eter � thatpa-

ram eterises the scattering m atrix equals �=16 (bottom ) and

4�=5 (top) representing the weak and strong coupling lim -

its respectively. For � = �=16 individualeigenvalues travel

from 1 to cos�=16 ’ 0:9808 at a rate of approxim ately

one per 2�=eV . For � = 4�=5, eigenvalues traveltowards

cos4�=5 ’ � 0:8090 < 0 ata rateofoneper2�=eV ,asshown

in (a). D eviations from the correct asym ptotics are due to

�nite size e�ects. Figure (b) contains the second derivative

of ~P (�)= D etQ̂
(0)
(�)

� 1
Q̂

(V )
(�). (The second derivative is

taken torem ovean averageslopeand curvature.) O scillations

with period h=eV are seen (bottom )for � = �=16,while for

� = 4�=5 (top),the periodicity of ~P (�)doubles.
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m inant ~P (�)isnotprecisely periodicin � sinceitdecays
at large � owing to decoherence. Still,it oscillates and
the period ofthese oscillations doubles as we go from
weak to strong coupling (Fig. 3b). The doubling can
be understood in term s ofthe transfer ofthe eigenval-
uesof ~Q (V )(�)upon increasing � (Fig 3a)assum ing the
param etrization (8).In thelarge� lim it,energy-tim eun-
certainty can beneglected in a \quasi-classical"approxi-
m ation:Theoperator�̂(�)projectsontoaverylongtim e
interval,and isreplaced by the identity operator. ~Q (V )

becom esdiagonalin energy.Alleigenvaluesthatarenot
equalto 1 areconcentrated in thetransportenergy win-
dow 0 < E < eV where the �lling factors in the Q PC
reservoirsare notthe sam e. For �s� 12 �s1 param etrized as
in (8)these eigenvaluesequalcos(�).ThereareeV �=2�
ofthem .In otherwords,thenum berofeigenvaluesequal
tocos� growslinearly with �.Num ericaldiagonalization
of ~Q (V )(�)(Fig.3a)showsthatone eigenvalue istrans-
fered from 1to cos(�)duringtim e2�=eV .Ifcos� > 0as
in theweak coupling case,thisgivesriseto P (�)oscilla-
tionswith frequency eV=2� m anifesting integercharges.
However cos� becom es negative at stronger couplings,
so thatP (�)changessign with each eigenvaluetransfer.
Two eigenvalueshave to transferto give the sam e sign.
Theresultisa period doublingoftheoscillationsin ~P (�)
and hence half-integer charges. This resem bles the be-
haviorofthe wave vectorsofthe Bethe-Ansatz solution
in13.
The param etrization (8) of the �sy2�s1 is not general.

However,the eigenvalue transferargum entshelp to un-
derstand generalscatteringm atrices.Eigenvaluetransfer
stilloccursat frequency eV=2� but instead oftraveling
along the realline,eigenvaluesfollow a trajectory inside
theunitcirclein thecom plex plane.Fractionalchargeis
pronounced ifthe end pointofthe trajectory hasa neg-
ative realpart. Num ericalresultsforgeneralscattering
m atricesarepresented in Appendix B.
Results presented so far are for \spinless" electrons.

Spin degeneracy isrem oved by e.g. high m agnetic �eld.
Ifspin isincluded,butscattering rem ainsspin indepen-
dend,then two degenerate eigenvalues are transported
sim ultaneously. In thiscase,the half-integercharge dis-
sapears for the param etrization (8) but persists for the
m ore generalchoice ofcom plex eigenvalues.The results
offurthernum ericalwork thatcon�rm thisarepresented
in Appendix C.
W e have studied a quantum transportsetup thatcan

easily be realized with current technology,nam ely that
ofa quantum point contact coupled to a charge qubit.
The qubit is operated as a m easuring device, its out-
put signal| the probability p2 | is directly seen in
the Q PC current. The dependence ofthe signalon the
qubit levelsplitting reveals the nature ofcharged exci-
tations in the voltage-driven Q PC.W hen the qubit is
weakly coupled to the Q PC,the dependence revealsex-
citationswith electron charge e. W e dem onstrated that
forstrongercoupling,the dependence suggeststhe exis-
tence ofthe excitationsthatcarry halfthe charge ofan

electron.

A P P EN D IX A :N U M ER IC A L M ET H O D

In this Appendix we give a m ore detailed account of
the num ericalcalculation of the qubit tunneling rates
�12(") and �21(") than is presented in the m ain text.
O ur starting point is Eq. (7) ofthe m ain text. In or-
der to discuss qubit transitions from j1i to j2i as well
as the reverse transition sim ultaneously,we change no-
tation slightly. In whatfollows,indicesiand f referto
the initialand �nalstate ofthe qubit respectively. W e
consider\forward" transitions(f;i)= (2;1)and \back-
ward" transitions (f;i) = (1;2). The centralobject of
num ericalwork isthe operator

Q̂
(V )

fi
(�)=

(
1+ (�sy

i
�sf � 1)̂�(� � )̂f(V )(") � < 0

1+ (�sy
f
�si� 1)̂�(�)f̂(V )(") � > 0

(A1)

W e recallthatthe m atrices �si and �sf are the scattering
m atricesofQ PC electronswhen thequbitisin stateior
f.�̂(�)isa tim e-intervaloperator,

�(�)t�;t0�0 = �(t� t
0)��;�0

�
1 0< t< �

0 otherwise
(A2)

f̂(V )(")isdiagonalin energy. Itcontainsthe �lling fac-
tors of Q PC-electrons in the various channels, includ-
ing any bias voltage that m ay be present. Its form
in the tim e-basis (at zero tem perature) is given be-

low in Eq. (A9). The operator Q̂
(V )

fi
(�) has an in-

�nite num ber of eigenvalues outside the neighborhood
of 1 in the com plex plain. This im plies that a regu-
larization ofthe determ inant is needed. Indeed,ifone
naively assum es the unregularized determ inant to be
well-de�ned and possesing the usualpropertiesofdeter-
m inants,such as Det(AB ) = Det(A)Det(B ), one m ay

show that
h
DetQ̂ (V )

fi
(�)

i�
= DetQ̂ (V )

if
(�).W erethistrue,

itwould haveim plied that�12(")= �21(").Thiscannot
be correct. At low tem peratures,the qubit is far m ore
likely to em itenergy than to absorb it,m eaning thatone
ofthe two ratesshould dom inate theother.
Regularization isachieved by m ultiplying with the in-

verseoftheequilibrium operator.Theoperator ~Q fi(�)=

Q̂
(0)

fi
(�)� 1Q̂ (V )

fi
(�) only has a �nite num ber ofeigenval-

ues for �nite � that are not in the neighborhood of1,
and so itsdeterm inantcan be calculated num erically in
astraight-forwardm anner.(In thisexpression,Q̂ (0)

fi
(�)is

theoperatorQ̂ when theQ PC isinitially in equilibrium ,
i.e.the biasvoltageV iszero.) W e thereforeproceed as
follows:W e de�ne

~P (�)= Det
h
Q̂
(0)

21 (�)
� 1
Q̂
(V )

21 (�)
i

(A3)

and ~P (")=
R
d� ei"� ~P (�)asitsFouriertransform .The

equilibrium rate �eq
fi
(") is known from the study ofthe
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Ferm iEdgesingularity.Itis

�eq
fi
(")= jj2�(� "fi)

1

j"j

�
�
�
�

"

E c:o:

�
�
�
�

�

(A4)

whereE c:o: isa cut-o� energy ofthe orderofE F and

� =
1

4�2

�
�
�Trln2(�syf�si)

�
�
�: (A5)

The logarithm is de�ned on the branch (� �;�]. W ith
the help ofthese de�nitionswehave

�fi =

Z
d"0

2�
�eq
fi
("0)~P ("� "

0); (A6)

whereourtask isto calculate ~P (")num erically.

The operator Q̂ (V )

21 (�) willbe considered in the tim e
(i.e.Fouriertransform ofenergy)basis.W erestrictour-
selvestothestudy ofsinglechannelQ PC’s,in which case
the scattering m atrices �s1 and �s2 are 2� 2 m atrices in
Q PC-channelspace. W e work in the standard channel
spacebasiswhere

�sk =

�
rk t0

k

tk r0
k

�

; (A7)

with t;t0theleftand righttransm ission am plitudesand
r; r0 the left and right reection am plitudes. Because
�̂(�) is a projection operator that com m utes with the
scattering m atrices,we can evaluate the determ inantin
thespaceofspinorfunctions (t)de�ned on theinterval
t2 [0;�].(W e consider� > 0.) Then

h
Q̂
(V )

21 (�) 
i
(t)=  (t)+ (�sy2�s1� 1)

Z �

0

dt
0�f(V )(t� t

0) (t0)

(A8)
where

�f(V )(t) =

Z
d"

2�
e
� i"t

�
�(� ") 0
0 �(eV � ")

�

=
i

2�(t+ i0+ )
+ i

�
1� ��z
2

�
e� iteV � 1

2�t
;(A9)

is the Fourier transform ofthe zero-tem perature �lling
factors ofthe reservoirs connected to the Q PC and 0+

is an in�nitesim alpositive constant. Discretization of
thisoperatorproceedsasfollows.W e choose a tim estep
�t � � such that N = �=�t is a large integer. W e

willrepresent Q̂ (V )

21 (�) (and Q̂ (0)

21 (�)
� 1) as 2N � 2N di-

m ensionalm atrices.W e de�ne a dim ensionlessquantity
� = eV �t. ~P (�)can only depend on � in the com bina-
tion �eV becausetherearenoothertim e-orenergyscales
in the problem . W e willtherefore vary � by keeping N
�xed and varying �.Using the identity

1

t� i0+
= P

�
1

t

�

� i��(t) (A10)

we�nd a discretized operator
h
1+ (�sy2�s1 � 1)̂� f̂

i

kl

= �kl+ (�sy2�s1 � 1)

�
1

2
�kl+

1

2�i(l� k)
(1� �kl)

+
1� ��z
2

�
�

2�
�kl+

ei(l� k)� � 1

2�i(l� k)
(1� �kl)

�

| {z }
nonequilibrium correction

�

:(A11)

To test the quality of the discretization as wellas its
rangeofvalidity wedo thefollowing.W hen �sy2�s1 isclose
toidentity,wecan calculate ~P (�)perturbatively,both for
the originalcontinuousoperatorsand forits discretized
approxim ation.Ifwe take �sy2�s1 = ei���x then to order�2

we�nd

~Pcont.(�)= 1+ 2

�
�

2�

� 2 Z N

0

dz
cos(z�)� 1

z2
(N � z)

(A12)
where� = N �=eV forthecontinuouskernelwhileforthe
discretized version we�nd

~Pdisc.(�)= 1+ 2

�
�

2�

� 2 N � 1X

�= 1

cos(��)� 1

�2
(N � �) (A13)

which indicatesthatthe rangeofvalidity is� � 2�.
In practice we take N = 28. Larger N would de-

m and the diagonalization ofm atricesthatare too large
to handle num erically. W e �nd results suitably accu-
rateup to � = �=4,thereby giving usaccessto ~P (�)for
j�j2 [0;64�=eV ].
To sum m erize,the procedureforcalculating the tran-

sition rates�21 and �12 is

1.For given scattering m atrices �s1 and �s2,calculate
~P (�)num ericallyusingthediscreteapproxim ations

fortheoperators Q̂ (V )

21 (�)and Q̂ (0)

12 (�).Usea �xed
large m atrix size,and work in units [�]= [eV ]� 1.
G eneratedata form any positive valuesof�.

2.Extend the resultsto negative � by exploiting the
sym m etry ~P (�)= ~P (� �)�,and Fouriertransform
the data.

3.Form the convolutions ofEq.A6 with the known
equilibrium rates to obtain the non-equilibrium
rates.

A P P EN D IX B :C H O IC E O F SC A T T ER IN G

M A T R IC ES

In the m ain textwe con�ned ourattention to the one
param eterfam ily ofscattering m atrices

�sy2�s1 =

�
cos� isin�
isin� cos�

�

: (B1)
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For this choice, ~P (�) is a real function of tim e. For
� < �=2 its uctuations are associated with energies
� � eV dueto thetransferofeigenvaluesfrom 1 to cos�
ata rate ofone per h=eV . For� > �=2 however,cos�
isnegativeand two eigenvalueshaveto betransfered be-
fore the sign of ~P (�) returns to its initialvalue. The
period ofuctuantionsof ~P (�)doublesand becom esas-
sociated with energies� eV=2.Because ~P (�)isreal,the
uctuationswith positiveandnegativeenergiesareequal:
~P (")= ~P (� ").Thistranslatesinto thefollowing feature
ofthe probability p2 to �nd the qubit in state j2i. For
� < �=2,p2(") changes from 1 to 0 in an energy inter-
valoflength 2eV . For� > �=2,thisintervalshrinksto
eV .Theboundry oftheintervalisde�ned m oresharply
the closer � is to 0 or �. The shrinking from 2eV to
eV ofthe intervalin which p2 variessigni�cantly is ex-
plained in term sofchargefractionalization:For� > �=2
the excitations in the Q PC transm it halfthe charge of
an electron so thattheenergy thatthequbitcan absorb
from the Q PC changesfrom eV to eV=2.
SincetheQ PC scattering m atricescontain param eters

that are not under experim entalcontrol,it is relevant
to ask how the results are altered when a m ore general
choice

�sy2�s1 =

�
e� i� cos� isin�
isin� ei� cos�

�

(B2)

with � 2 [� �

2
;�
2
]and � 2 [0;�]ism ade forthe scatter-

ing m atrices. W ith this choice,eigenvalues travelfrom
1 to ei� cos� at a rate ofone per 2�=eV . This m eans
thatthe period doubling of ~P (�) no longertakesplace.
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P̃

FIG .4: T he function ~P (") that contains the e�ect of

the bias voltage V . Asexplained in the text,�s
y

2
�s1 waspa-

ram eterized asin Eq.(B2).A value� =
�

9
isused througout.

Thevaluesof� in (a),(b),(c)and (d)arerespectively
�

6
,
�

3
,

2�

3
and 5�

6
.W hen � < �=2,then ~P (")hasa fairly sym m etric

peak centered at� eV �=2�. The tails ofthis peak vanish at

"’ (� �=2� � 1)eV .W hen � > �=2,there are two asym m et-

ric peaksat� eV �=2� and (1� �=2�)eV . The value of~P (")

is signi�cantly larger for " 2 [� eV �=2�;(1 � �=2�)eV ]than

outside thisinterval.

The phase of ~P (�) does not return to its originalvalue
afterthetransferoftwoeigenvalues.Rather,oneexpects
uctuationsassociated with an energy (n � �

2�
)eV; n =

0;� 1;� 2;:::Because~P (�)isnolongerreal,positiveand
negative frequencies don’tcontribute equally. However,
whiletheeigenvaluetrajectoriesliecloseto therealline,
one can expectresultssim ilarto those obtained forreal
~P (�). W e obtained num ericalresultsforfourscattering
m atricesoftheform (B2).W echose� = 1

6
�;1

3
�;2

3
� and

5

6
�. To sharpen abrupt features we chose � = �=9 so

thatthe exponentialdecay of ~P (�) is associated with a
long decoherencetim e:’ 0:06�h=eV .Asdepicted in Fig.
(4),we found ~P (")to behave asfollows. For � close to
zero, ~P (")consistsofone peak situated at" = � �

2�
eV .

The tailsofthispeak vanish at" =
�
� 1� �

2�

�
eV . The

closerto zero that� is taken,the m ore abruptthis be-
havior of the tails becom e. As � is increased, a sec-
ond peak starts appearing at " =

�
1� �

2�

�
eV . W hen

� = � � 0+ , the height (and width) of this peak ex-
actly equalsthatofthe peak at� �

2�
eV . In the interval

"2
�
� �

2�
eV;

�
1� �

2�

�
eV

�
thatisbounded by the peaks,

~P (�)issigni�cantly largerthan in theregion outsidethe
peaks.Thisbehaviorof ~P (")translatesinto theoccupa-
tion probabilitiesp2(")depicted in Fig.(5).For� < �=2,
p2(") stillchanges from unity to zero in an intervalof
length 2eV m anifesting excitations with charge e while
for � > �=2 the intervalshrinks to eV ,indication half-
integercharge.Thecloser� m ovesto 0 or�,thesharper
theintervalbecom esde�ned.W ethereforeconcludethat
thefractionalchargephenom enon in theQ PC isnotcon-
�ned to the specialchoice(B1)ofscattering m atrices.
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FIG .5:T he probability p2("). �s
y

2
�s1 ischosen asin Fig.(4):

A value� =
�

9
isused througout.Thevaluesof� in (a),(b),

(c)and (d)arerespectively �

6
, �

3
, 2�

3
and 5�

6
.W hen � < �=2,

the occupation probability p2 is signi�cantly di�erent from

itsasym ptotic values0 and 1 in an " intervalof2eV . W hen

� > �=2,this intervalshrinks to eV . The boundaries ofthe

intervalare m ore sharply de�ned the closer� isto �=2. The

shrinking of the intervalcorresponds to a cross-over in the

Q PC from excitations that transm it charge e to excitations

thattransm itcharge e=2.
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A P P EN D IX C :IN C LU SIO N O F SP IN

Up to thispointwehaveconsidered spinlesselectrons
in theQ PC.In thisAppendix weinvestigatethee�ectof
including spin.W estilltaketheinteraction between the
Q PC and the qubit to be spin independent. However,
the m ere existence ofa spin degree offreedom forQ PC
electrons doubles the dim ension ofchannelspace. The
narrowestQ PC now hastwochannelsin stead ofoneand
~P
s=

1

2

(�)= ~Ps= 0(�)2,i.e.the determ inant ~P
s=

1

2

(�)with

spin included is the square ofthe determ inant ~Ps= 0(�)
without spin. For realdeterm inants,squaring kills the
phase. This m eans that the observed period doubling
fortheparam etrization ofEq.(B1)disappearsand with
it the halfinteger charge features ofp2. Physically,it
could bethattwo chargee=2 excitationsaretransm itted
through the Q PC sim ultaneously. However,fractional
charge issaved by the factthat,for� 6= 0,~Ps= 0(")has
two peaks with di�erent heights. Suppose the relative
peak heightsareA and 1� A,i.e.

~Ps= 0(�)� (1� A)ei
�

2�
eV � + Ae

� (1�
�

2�
)eV � (C1)

where A is a realnum ber between 0 and 1

2
. (A = 0

correspondsto � = 0 whileA = 1

2
correspondsto � = �.)

ItfollowsthatP
s=

1

2

(")hasthree peaksat

1."= � 2�
2�
eV with height(1� A)2,

2."=
�
1� 2�

2�

�
eV with height2A(1� A)

3.and "=
�
2� 2�

2�

�
eV with heightA 2

As long as A is sm all,i.e. � is not too close to �,the
�rsttwo peakswilldom inate the third,and a signature
offractionalchargem ay stillbeobservablein p2(").Fig.

- 1 0 1

0.0

0.5

1.0

- 1 0 1

0.0

0.5

1.0

- 1 0 1

0.0

0.5

1.0

- 1 0 1

0.0

0.5

1.0

a

c

b

d

Level splitting, ε [eV ]

O
cc

u
p
a
ti
o
n

p
ro

b
a
b
il
it
y,

p
2

FIG .6:T he probability p2(")w ith spin included. �s
y

2
�s1 is

chosen asin Fig.(4)and (5):A value� =
�

9
isused througout.

Thevaluesof� in (a),(b),(c)and (d)arerespectively
�

6
,
�

3
,

2�

3
and 5�

6
.Fractionalcharge featuresare stillclearly visible

for� > �=2.

(6),contains p2 calculated for the sam e scattering m a-
tricesasin Fig. (5),butwith spin included. The cases
when � = 2

3
� and � = 5

6
� stillcontain clearhalf-integer

chargefeatures.For� very closeto � (notshown)these
featuresdisappear.
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