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Introduction

1.The Ricci
ow equation,introduced by Richard Ham ilton [H 1],is the

evolution equation d

dt
gij(t) = �2R ij for a riem annian m etric gij(t):In his

sem inalpaper,Ham ilton proved thatthisequation hasa uniquesolution for

a short tim e for an arbitrary (sm ooth) m etric on a closed m anifold. The

evolution equation forthe m etric tensorim plies the evolution equation for

the curvature tensor ofthe form Rm t = 4 Rm + Q;where Q is a certain

quadratic expression ofthe curvatures. In particular,the scalar curvature

R satis�es R t = 4 R + 2jRicj2;so by the m axim um principle itsm inim um

is non-decreasing along the 
ow. By developing a m axim um principle for

tensors,Ham ilton [H 1,H 2]proved thatRicci
ow preserves the positivity

ofthe Riccitensorin dim ension three and ofthe curvature operatorin all

dim ensions;m oreover,theeigenvaluesoftheRiccitensorin dim ension three

and ofthe curvature operatorin dim ension fourare getting pinched point-

wisely as the curvature is getting large. This observation allowed him to

provetheconvergenceresults:theevolving m etrics(on a closed m anifold)of

positive Riccicurvature in dim ension three,or positive curvature operator
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in dim ension fourconverge,m odulo scaling,to m etricsofconstantpositive

curvature.

W ithoutassum ptionson curvature the long tim e behaviorofthe m etric

evolving by Ricci
ow m ay be m ore com plicated. In particular,as t ap-

proachessom e�nitetim eT;thecurvaturesm ay becom earbitrarily largein

som e region while staying bounded in itscom plem ent. In such a case,itis

usefulto look attheblow up ofthesolution fortcloseto T ata pointwhere

curvatureislarge(thetim eisscaled with thesam efactorasthem etricten-

sor). Ham ilton [H 9]proved a convergence theorem ,which im plies thata

subsequence ofsuch scalingssm oothly converges(m odulo di�eom orphism s)

toacom pletesolution totheRicci
ow wheneverthecurvaturesofthescaled

m etricsareuniform ly bounded (on som etim einterval),and theirinjectivity

radiiatthe origin are bounded away from zero;m oreover,ifthe size ofthe

scaled tim e intervalgoesto in�nity,then the lim itsolution isancient,that

isde�ned on a tim eintervaloftheform (�1 ;T):In generalitm ay behard

to analyze an arbitrary ancient solution. However,Ivey [I]and Ham ilton

[H 4]proved thatin dim ension three,atthe pointswhere scalarcurvature

islarge,the negative partofthe curvature tensorissm allcom pared to the

scalarcurvature,and therefore the blow-up lim itshave necessarily nonneg-

ative sectionalcurvature. On the otherhand,Ham ilton [H 3]discovered a

rem arkableproperty ofsolutionswith nonnegativecurvatureoperatorin ar-

bitrary dim ension,called a di�erentialHarnack inequality,which allows,in

particular,to com parethecurvaturesofthesolution atdi�erentpointsand

di�erent tim es. These results lead Ham ilton to certain conjectures on the

structureoftheblow-up lim itsin dim ension three,see[H 4,x26];thepresent

work con�rm sthem .

Them ostnaturalwayofform ingasingularityin �nitetim eisbypinching

an(alm ost)roundcylindricalneck.Inthiscaseitisnaturaltom akeasurgery

bycuttingopen theneckand gluingsm allcapstoeach oftheboundaries,and

then to continuerunning theRicci
ow.Theexactprocedurewasdescribed

by Ham ilton [H 5]in thecaseoffour-m anifolds,satisfying certain curvature

assum ptions. He also expressed the hope that a sim ilar procedure would

work in the three dim ensionalcase,withoutany a priory assum ptions,and

thatafter�nite num berofsurgeries,the Ricci
ow would existforalltim e

t ! 1 ;and be nonsingular,in the sense that the norm alized curvatures
~Rm (x;t)= tRm (x;t)would staybounded.Thetopologyofsuch nonsingular

solutionswasdescribed by Ham ilton [H 6]to the extentsu�cient to m ake

surethatno counterexam pleto theThurston geom etrization conjecturecan
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occuram ong them . Thus,the im plem entation ofHam ilton program would

im ply thegeom etrization conjectureforclosed three-m anifolds.

In thispaperwecarry outsom edetailsofHam ilton program .Them ore

technically com plicated argum ents,related to the surgery,willbe discussed

elsewhere. W e have notbeen able to con�rm Ham ilton’shope thatthe so-

lution that exists for alltim e t ! 1 necessarily has bounded norm alized

curvature;stillweareableto show thattheregion wherethisdoesnothold

is locally collapsed with curvature bounded below; by our earlier (partly

unpublished)work thisisenough fortopologicalconclusions.

Ourpresentwork hasalso som e applicationsto the Ham ilton-Tian con-

jectureconcerning K�ahler-Ricci
ow on K�ahlerm anifoldswith positive �rst

Chern class;thesewillbediscussed in a separatepaper.

2.TheRicci
ow hasalso been discussed in quantum �eld theory,asan ap-

proxim ation to therenorm alization group (RG)
ow forthetwo-dim ensional

nonlinear �-m odel, see [Gaw,x3]and references therein. W hile m y back-

ground in quantum physicsisinsu�cientto discussthison a technicallevel,

Iwould liketo speculateon theW ilsonian pictureoftheRG 
ow.

In thispicture,tcorrespondsto the scale param eter;the largerist;the

largeristhe distance scale and the sm alleristhe energy scale;to com pute

som ething on a lower energy scale one has to average the contributions of

the degrees offreedom ,corresponding to the higherenergy scale. In other

words,decreasing oftshould correspond to looking at our Space through

a m icroscope with higher resolution,where Space is now described not by

som e (riem annian orany other)m etric,butby an hierarchy ofriem annian

m etrics,connected by theRicci
ow equation.Notethatwehavea paradox

here: the regions that appear to be far from each other at larger distance

scalem ay becom ecloseatsm allerdistancescale;m oreover,ifweallow Ricci


ow through singularities,theregionsthatarein di�erentconnected com po-

nentsatlargerdistancescalem ay becom eneighboring when viewed through

m icroscope.

Anyway,this connection between the Ricci
ow and the RG 
ow sug-

gests that Ricci
ow m ust be gradient-like;the present work con�rm s this

expectation.

3.Thepaperisorganized asfollows.In x1 weexplain why Ricci
ow can be

regarded asa gradient
ow.In x2;3 weprove thatRicci
ow,considered as

a dynam icalsystem on the space ofriem annian m etrics m odulo di�eom or-

phism sand scaling,hasno nontrivialperiodicorbits.Theeasy (and known)
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case ofm etricswith negative m inim um ofscalarcurvature istreated in x2;

theothercaseisdealtwith in x3;using ourm ain m onotonicity form ula (3.4)

and the Gaussian logarithm ic Sobolev inequality,due to L.Gross. In x4 we

apply our m onotonicity form ula to prove that for a sm ooth solution on a

�nite tim e interval,the injectivity radiusateach pointiscontrolled by the

curvaturesatnearby points.Thisresultrem ovesthem ajorstum bling block

in Ham ilton’sapproach to geom etrization. In x5 we give an interpretation

ofour m onotonicity form ula in term s ofthe entropy for certain canonical

ensem ble. In x6 we try to interpret the form alexpressions ,arising in the

study ofthe Ricci
ow,as the naturalgeom etric quantities for a certain

Riem annian m anifold ofpotentially in�nitedim ension.TheBishop-Grom ov

relativevolum ecom parison theorem forthisparticularm anifold can in turn

beinterpreted asanotherm onotonicity form ula fortheRicci
ow.Thisfor-

m ula is rigorously proved in x7;it m ay be m ore usefulthan the �rst one

in localconsiderations. In x8 it is applied to obtain the injectivity radius

controlundersom ewhatdi�erentassum ptionsthan in x4:In x9 weconsider

one m ore way to localize the originalm onotonicity form ula,thistim e using

the di�erentialHarnack inequality for the solutions ofthe conjugate heat

equation,in thespiritofLi-Yau and Ham ilton.Thetechniqueofx9 and the

logarithm ic Sobolev inequality are then used in x10 to show thatRicci
ow

can notquickly turn an alm osteuclidean region into a very curved one,no

m atterwhathappensfaraway.Theresultsofsections1 through 10 require

no dim ensionalorcurvaturerestrictions,and arenotim m ediately related to

Ham ilton program forgeom etrization ofthreem anifolds.

The work on details ofthis program starts in x11;where we describe

theancientsolutionswith nonnegativecurvaturethatm ay occurasblow-up

lim its of�nite tim e singularities ( they m ust satisfy a certain noncollaps-

ing assum ption,which,in the interpretation ofx5;corresponds to having

bounded entropy). Then in x12 we describe the regions ofhigh curvature

undertheassum ption ofalm ostnonnegativecurvature,which isguaranteed

to hold by the Ham ilton and Ivey result,m entioned above. W e also prove,

under the sam e assum ption,som e results on the controlofthe curvatures

forward and backward in tim e in term s ofthe curvature and volum e at a

given tim ein a given ball.Finally,in x13 wegivea briefsketch oftheproof

ofgeom etrization conjecture.

The subsections m arked by * contain historicalrem arksand references.

Seealso [Cao-C]fora relatively recentsurvey on theRicci
ow.
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1 R icci
ow as a gradient 
ow

1.1. Consider the functionalF =
R

M
(R + jr fj2)e�f dV for a riem annian

m etric gij and a function f on a closed m anifold M . Its�rstvariation can

beexpressed asfollows:

�F (vij;h)=

Z

M

e
�f [�4 v+ r ir jvij � R ijvij

�vijr ifr jf + 2< r f;r h > +(R + jr fj
2)(v=2� h)]

=

Z

M

e
�f [�vij(R ij + r ir jf)+ (v=2� h)(24 f � jr fj

2 + R)];

where�gij = vij,�f = h,v = gijvij.Noticethatv=2� h vanishesidentically

i� the m easure dm = e�f dV iskept�xed. Therefore,the sym m etric tensor

�(R ij+ r ir jf)istheL
2 gradientofthefunctionalF m =

R

M
(R + jr fj2)dm ,

wherenow f denoteslog(dV=dm ).Thusgiven am easurem ,wem ayconsider

thegradient
ow (gij)t = �2(R ij + r ir jf)forF
m .Forgeneralm this
ow

m ay not exist even for short tim e; however,when it exists,it is just the

Ricci
ow,m odi�ed by a di�eom orphism . The rem arkable facthere isthat

di�erentchoicesofm lead to thesam e
ow,up to a di�eom orphism ;thatis,

thechoiceofm isanalogousto thechoiceofgauge.

1.2 Proposition.Supposethatthegradient
 ow forFm existsfort2 [0;T]:

Then att= 0 we have F m � n

2T

R

M
dm :

Proof. W e m ay assum e
R

M
dm = 1:The evolution equations for the

gradient
ow ofF m are

(gij)t= �2(R ij + r ir jf); ft = �R � 4 f; (1.1)

and F m satis�es

F
m
t = 2

Z

jR ij + r ir jfj
2
dm (1.2)

M odifying by an appropriatedi�eom orphism ,wegetevolution equations

(gij)t = �2R ij;ft= �4 f + jr fj
2
� R; (1.3)

and retain (1.2)in theform

F t= 2

Z

jR ij + r ir jfj
2
e
�f
dV (1.4)
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Now wecom pute

F t�
2

n

Z

(R + 4 f)2e�f dV �
2

n
(

Z

(R + 4 f)e�f dV )2 =
2

n
F

2
;

and theproposition follows.

1.3 Rem ark. The functionalF m has a naturalinterpretation in term s

ofBochner-Lichnerovicz form ulas. The classicalform ulas ofBochner (for

one-form s)and Lichnerovicz(forspinors)arer �r ui= (d�d+ dd�)ui� R ijuj

and r �r  = �2 � 1=4R :Here the operators r � ,d� are de�ned using

the riem annian volum e form ; this volum e form is also im plicitly used in

the de�nition ofthe Dirac operator � via the requirem ent �� = �:A rou-

tine com putation showsthatifwe substitute dm = e�f dV fordV ,we get

m odi�ed Bochner-Lichneroviczform ulasr �m r ui= (d�m d+ dd�m )ui� R m
ijuj

and r �m r  = (�m )2 � 1=4R m  ;where �m  = � � 1=2(r f)�  ,Rmij =

R ij+ r ir jf ,R
m = 24 f� jr fj2+ R:NotethatgijR m

ij = R + 4 f 6= R m :How-

ever,wedohavetheBianchiidentityr �m
i R m

ij = r iR
m
ij� R ijr if = 1=2r jR

m :

Now F m =
R

M
R m dm =

R

M
gijR m

ijdm :

1.4* The Ricci
ow m odi�ed by a di�eom orphism was considered by

DeTurck,who observed thatby an appropriatechoiceofdi�eom orphism one

can turn the equation from weakly parabolic into strongly parabolic,thus

considerably sim plifying theproofofshorttim eexistence and uniqueness;a

niceversion ofDeTurck trick can befound in [H 4,x6].

The functionalF and its �rst variation form ula can be found in the

literature on the string theory,where it describes the low energy e�ective

action;thefunction f iscalled dilaton �eld;see[D,x6]forinstance.

The RiccitensorR m
ij fora riem annian m anifold with a sm ooth m easure

has been used by Bakry and Em ery [B-Em ]. See also a very recent paper

[Lott].

2 N o breathers theorem I

2.1.A m etricgij(t)evolvingby theRicci
ow iscalled abreather,ifforsom e

t1 < t2 and � > 0 them etrics�gij(t1)and gij(t2)di�eronly by a di�eom or-

phism ;the cases � = 1;� < 1;� > 1 correspond to steady,shrinking and

expanding breathers,respectively. Trivialbreathers,for which the m etrics

gij(t1)and gij(t2)di�eronly by di�eom orphism and scaling foreach pairof
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t1 and t2,arecalled Riccisolitons.(Thus,ifoneconsidersRicci
ow asady-

nam icalsystem on the space ofriem annian m etricsm odulo di�eom orphism

and scaling,then breathers and solitons correspond to periodic orbits and

�xed pointsrespectively). Ateach tim e the Riccisoliton m etric satis�esan

equation ofthe form R ij + cgij + r ibj + r jbi = 0;where cisa num berand

bi isa one-form ;in particular,when bi=
1

2
r ia forsom efunction a on M ;we

geta gradientRiccisoliton. An im portantexam ple ofa gradientshrinking

soliton istheGaussian soliton,forwhich them etricgij isjusttheeuclidean

m etricon R n,c= 1 and a = �jxj2=2:

In thisand thenextsection weusethegradientinterpretation oftheRicci


ow to rule out nontrivialbreathers (on closed M ). The argum ent in the

steady caseispretty straightforward;theexpanding caseisa littlebitm ore

subtle,because ourfunctionalF is notscale invariant. The m ore di�cult

shrinking caseisdiscussed in section 3.

2.2.De�ne�(gij)= infF (gij;f);wherein�m um istaken overallsm ooth f;

satisfying
R

M
e�f dV = 1:Clearly,�(gij)isjustthe lowesteigenvalue ofthe

operator�44 + R:Then form ula(1.4)im pliesthat�(gij(t))isnondecreasing

in t;and m oreover,if�(t1)= �(t2);then fort2 [t1;t2]wehaveR ij+ r ir jf =

0 forf which m inim izes F :Thus a steady breatherisnecessarily a steady

soliton.

2.3. To deal with the expanding case consider a scale invariant version
��(gij) = �(gij)V

2=n(gij):The nontrivialexpanding breathers willbe ruled

outonceweprovethefollowing

C laim �� isnondecreasingalongtheRicci
 ow wheneveritisnonpositive;

m oreover,the m onotonicity isstrictunlesswe are on a gradientsoliton.

(Indeed,on an expanding breatherwewould necessarily have dV=dt> 0

forsom e t2[t1;t2]:On the otherhand,forevery t,� d

dt
logV = 1

V

R
RdV �

�(t);so �� can notbe nonnegative everywhere on [t1;t2];and the claim ap-

plies.)

Proofofthe claim .

d��(t)=dt� 2V 2=n
R
jR ij + r ir jfj

2e�f dV + 2

n
V (2�n)=n �

R
� RdV �

2V 2=n[
R
jR ij + r ir jf �

1

n
(R + 4 f)gijj

2e�f dV +

1

n
(
R
(R + 4 f)2e�f dV � (

R
(R + 4 f)e�f dV )2)]� 0;

wheref isthem inim izerforF :
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2.4.Theargum entsabovealsoshow thattherearenonontrivial(thatiswith

non-constantRiccicurvature)steady orexpanding Riccisolitons(on closed

M ).Indeed,theequality casein thechain ofinequalitiesaboverequiresthat

R+4 f beconstantonM ;ontheotherhand,theEuler-Lagrangeequationfor

them inim izerf is24 f� jr fj2+ R = const:Thus,4 f� jr fj2 = const= 0,

because
R
(4 f � jr fj2)e�f dV = 0:Therefore,f isconstantbythem axim um

principle.

2.5*.A sim ilar,butsim plerproofofthe resultsin thissection,followsim -

m ediately from [H 6,x2],where Ham ilton checksthatthe m inim um ofRV
2

n

isnondecreasing wheneveritisnonpositive,and m onotonicity isstrictunless

them etrichasconstantRiccicurvature.

3 N o breathers theorem II

3.1.In orderto handle the shrinking case when � > 0;we need to replace

ourfunctionalF by itsgeneralization,which containsexplicitinsertionsof

thescaleparam eter,to bedenoted by �:Thusconsiderthefunctional

W (gij;f;�)=

Z

M

[�(jr fj2 + R)+ f � n](4��)�
n

2 e
�f
dV ; (3.1)

restricted to f satisfying
Z

M

(4��)�
n

2 e
�f
dV = 1; (3.2)

� > 0:Clearly W isinvariantundersim ultaneousscaling of� and gij:The

evolution equations,generalizing (1.3)are

(gij)t= �2R ij;ft= �4 f + jr fj
2
� R +

n

2�
;�t = �1 (3.3)

Theevolution equation forf can also bewritten asfollows:2 �u = 0;where

u = (4��)�
n

2 e�f ;and 2 � = �@=@t� 4 + R isthe conjugateheatoperator.

Now a routinecom putation gives

dW =dt=

Z

M

2�jRij + r ir jf �
1

2�
gijj

2(4��)�
n

2 e
�f
dV : (3.4)

Therefore,ifwelet�(gij;�)= infW (gij;f;�)oversm ooth f satisfying (3.2),

and �(gij)= inf�(gij;�)overallpositive �;then �(gij(t))isnondecreasing

8



along theRicci
ow.Itisnothard to show thatin thede�nition of� there

always exists a sm ooth m inim izer f (on a closed M ). It is also clear that

lim �! 1 �(gij;�)= +1 wheneverthe�rsteigenvalueof�44 + R ispositive.

Thus,ourstatem entthatthereisnoshrinking breathersotherthan gradient

solitons,isim plied by thefollowing

C laim Foran arbitrary m etric gij on a closed m anifold M ,the function

�(gij;�)isnegative forsm all� > 0 and tendsto zero as� tendsto zero.

Proofofthe Claim . (sketch) Assum e that �� > 0 is so sm allthatRicci


ow starting from gij exists on [0;��]:Let u = (4��)�
n

2 e�f be the solution

ofthe conjugate heatequation,starting from a �-function att= ��;�(t)=

�� � t:Then W (gij(t);f(t);�(t))tendsto zero asttendsto ��;and therefore

�(gij;��)� W (gij(0);f(0);�(0))< 0 by (3.4).

Now let� ! 0 and assum ethatf� arethem inim izers,such that

W (
1

2
�
�1
gij;f

�
;
1

2
)= W (gij;f

�
;�)= �(gij;�)� c< 0:

The m etrics 1

2
��1 gij "converge" to the euclidean m etric, and ifwe could

extracta converging subsequencefrom f�;wewould geta function f on R n,

such that
R

R
n
(2�)�

n

2 e�f dx = 1 and

Z

R
n

[
1

2
jr fj

2 + f � n](2�)�
n

2 e
�f
dx < 0

ThelatterinequalitycontradictstheGaussianlogarithm icSobolevinequality,

dueto L.Gross.(To passto itsstandard form ,takef = jxj2=2� 2log� and

integrate by parts)Thisargum entisnothard to m ake rigorous;the details

areleftto thereader.

3.2 Rem ark. Our m onotonicity form ula (3.4) can in fact be used to

prove a version ofthe logarithm ic Sobolev inequality (with description of

theequality cases)on shrinking Riccisolitons.Indeed,assum ethata m etric

gij satis�es R ij � gij � r ibj � r jbi = 0:Then under Ricci
ow,gij(t) is

isom etric to (1� 2t)gij(0); �(gij(t);
1

2
� t)= �(gij(0);

1

2
);and therefore the

m onotonicity form ula(3.4)im pliesthatthem inim izerf for�(gij;
1

2
)satis�es

R ij + r ir jf � gij = 0:Ofcourse,this argum ent requires the existence of

m inim izer,and justi�cation ofthe integration by parts;this is easy ifM

isclosed,butcan also be done with m ore e�ortson som e com plete M ,for

instancewhen M istheGaussian soliton.
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3.3* Thenobreatherstheorem in dim ension threewasproved by Ivey [I];

in fact,healso ruled outnontrivialRiccisolitons;hisproofusesthealm ost

nonnegativecurvatureestim ate,m entioned in theintroduction.

Logarithm ic Sobolev inequalitiesisa vastarea ofresearch;see [G]fora

survey and bibliography up to the year1992;the in
uence ofthe curvature

wasdiscussed byBakry-Em ery[B-Em ].In thecontextofgeom etricevolution

equations,thelogarithm icSobolev inequality occursin Ecker[E 1].

4 N o localcollapsing theorem I

In thissection we presentan application ofthe m onotonicity form ula (3.4)

to theanalysisofsingularitiesoftheRicci
ow.

4.1.Letgij(t)beasm ooth solution totheRicci
ow (gij)t = �2R ij on [0;T):

W e say thatgij(t)islocally collapsing atT;ifthere isa sequence oftim es

tk ! T and a sequence ofm etricballsB k = B (pk;rk)attim estk;such that

r2k=tk isbounded,jRm j(gij(tk))� r
�2

k
in B k and r

�n

k
V ol(B k)! 0:

T heorem .IfM isclosed and T < 1 ;then gij(t)isnotlocallycollapsing

atT:

Proof.Assum ethatthereisa sequenceofcollapsing ballsB k = B (pk;rk)

at tim es tk ! T:Then we claim that �(gij(tk);r
2

k) ! �1 :Indeed one

can take fk(x)= � log�(disttk(x;pk)r
�1

k
)+ ck;where � isa function ofone

variable,equal1 on [0;1=2];decreasing on [1=2;1];and very close to 0 on

[1;1 );and ck isaconstant;clearly ck ! �1 asr�n
k
V ol(B k)! 0:Therefore,

applying the m onotonicity form ula (3.4),we get �(gij(0);tk + r2k) ! �1 :

Howeverthisisim possible,sincetk + r2k isbounded.

4.2.D e�nition W esay thata m etricgij is�-noncollapsed on thescale�;if

every m etric ballB ofradiusr< �;which satis� esjRm j(x)� r�2 forevery

x 2 B ;hasvolum e atleast�rn:

It is clear that a lim it of�-noncollapsed m etrics on the scale � is also

�-noncollapsed on the scale �;it is also clear that �2gij is �-noncollapsed

on the scale �� whenevergij is�-noncollapsed on the scale �:The theorem

above essentially says that given a m etric gij on a closed m anifold M and

T < 1 ;one can �nd � = �(gij;T)> 0;such thatthe solution gij(t)to the

Ricci
ow starting atgij is�-noncollapsed on thescaleT
1=2 forallt2 [0;T);

provided itexistson thisinterval.Therefore,using theconvergencetheorem

ofHam ilton,weobtain thefollowing

10



C orollary.Letgij(t);t2 [0;T)bea solution to theRicci
 ow on a closed

m anifold M ;T < 1 :Assum e thatfor som e sequencestk ! T;pk 2 M and

som e constantC we have Q k = jRm j(pk;tk)! 1 and jRm j(x;t)� CQ k;

whenever t< tk:Then (a subsequence of) the scalings ofgij(tk) atpk with

factorsQ k convergesto a com plete ancientsolution to the Ricci
 ow,which

is�-noncollapsed on allscalesforsom e � > 0:

5 A statisticalanalogy

In thissection weshow thatthefunctionalW ;introduced in section 3,isin

a senseanalogousto m inusentropy.

5.1 Recallthatthepartition function forthecanonicalensem bleattem -

perature ��1 isgiven by Z =
R
exp(��E )d!(E );where !(E )isa "density

ofstates" m easure,which does not depend on �:Then one com putes the

average energy < E >= � @

@�
logZ;the entropy S = � < E > + logZ;and

the
uctuation � =< (E � < E >)2 >= @2

(@�)2
logZ:

Now �x a closed m anifold M with a probability m easurem ,and suppose

thatoursystem isdescribed byam etricgij(�);which dependson thetem per-

ature� accordingtoequation (gij)� = 2(R ij+ r ir jf);wheredm = udV;u =

(4��)�
n

2 e�f ;and the partition function isgiven by logZ =
R
(�f + n

2
)dm :

(W e do notdiscusshere whatassum ptionson gij guarantee thatthe corre-

sponding "density ofstates" m easurecan befound)Then wecom pute

< E >= ��
2

Z

M

(R + jr fj
2
�

n

2�
)dm ;

S = �

Z

M

(�(R + jr fj
2)+ f � n)dm ;

� = 2�4
Z

M

jR ij + r ir jf �
1

2�
gijj

2
dm

Alternatively,wecould prescribetheevolution equationsby replacingthe

t-derivativesby m inus�-derivativesin (3.3 ),and getthesam eform ulasfor

Z;< E >;S;�;with dm replaced by udV:

Clearly,� isnonnegative;itvanishesonly on agradientshrinking soliton.

< E > is nonnegative as well,whenever the 
ow exists for allsu�ciently

sm all� > 0 (by proposition 1.2).Furtherm ore,if(a)u tendsto a �-function

as� ! 0;or(b)u isa lim itofa sequence offunctionsui;such thateach ui

11



tendsto a �-function as� ! �i> 0;and �i! 0;then S isalso nonnegative.

In case(a)allthequantities< E >;S;� tend tozero as� ! 0;whilein case

(b),which m ay beinteresting ifgij(�)goessingularat� = 0;theentropy S

m ay tend to a positivelim it.

Ifthe
ow isde�ned forallsu�ciently large� (thatis,wehavean ancient

solution to theRicci
ow,in Ham ilton’sterm inology),wem ay beinterested

in the behaviorofthe entropy S as� ! 1 :A naturalquestion iswhether

wehavea gradientshrinking soliton wheneverS staysbounded.

5.2 Rem ark. Heuristically,this statisticalanalogy is related to the de-

scription ofthe renorm alization group 
ow,m entioned in the introduction:

in the latterone obtainsvariousquantitiesby averaging overhigherenergy

states,whereasin theform erthosestatesaresuppressed by theexponential

factor.

5.3* An entropy form ula forthe Ricci
ow in dim ension two wasfound

by Chow [C];thereseem sto beno relation between hisform ula and ours.

The interplay ofstatisticalphysics and (pseudo)-riem annian geom etry

occursin thesubjectofBlack HoleTherm odynam ics,developed by Hawking

etal.Unfortunately,thissubjectisbeyond m yunderstandingatthem om ent.

6 R iem annian form alism in potentially in�-

nite dim ensions

W hen oneistalking ofthecanonicalensem ble,oneisusually considering an

em bedding ofthe system ofinterestinto a m uch largerstandard system of

�xed tem perature(therm ostat).In thissection weattem ptto describesuch

an em bedding using theform alism ofRim annian geom etry.

6.1 Considerthem anifold ~M = M � S
N � R

+ with thefollowing m etric:

~gij = gij;~g�� = �g�� ;~g00 =
N

2�
+ R;~gi� = ~gi0 = ~g�0 = 0;

where i;j denote coordinate indices on the M factor,�;� denote those on

the SN factor,and the coordinate � on R
+ has index 0; gij evolves with

� by the backward Ricci
ow (gij)� = 2R ij;g�� is the m etric on S
N of

constant curvature 1

2N
:It turns out that the com ponents ofthe curvature

tensor ofthis m etric coincide (m odulo N �1 ) with the com ponents ofthe

m atrix Harnack expression (and its traces),discovered by Ham ilton [H 3].

Onecan also com putethatallthecom ponentsoftheRiccitensorareequal

12



to zero (m od N �1 ).The heatequation and the conjugate heatequation on

M can be interpreted via Laplace equation on ~M forfunctionsand volum e

form srespectively:u satis�estheheatequation on M i� ~u (theextension of

u to ~M constantalong theSN �bres)satis�es ~4 ~u = 0 m od N �1 ;sim ilarly,u

satis�esthe conjugate heatequation on M i� ~u� = ��
N � 1

2 ~u satis�es ~4 ~u� =

0 m od N �1 on ~M :

6.2 Starting from ~g;we can also constructa m etric gm on ~M ;isom etric

to ~g (m od N �1 ),which correspondstothebackward m -preserving Ricci
ow

(given by equations(1.1)with t-derivativesreplaced by m inus�-derivatives,

dm = (4��)�
n

2 e�f dV ).To achieve this,�rstapply to ~g a (sm all)di�eom or-

phism ,m apping each point(xi;y�;�)into (xi;y�;�(1�
2f

N
));wewould geta

m etric ~gm ;with com ponents(m od N �1 )

~gmij = ~gij;~g
m
�� = (1�

2f

N
)~g�� ;~g

m
00 = ~g00 � 2f� �

f

�
;~gmi0 = �r if;~g

m
i� = ~gm�0 = 0;

then apply a horizontal(thatis,along the M factor)di�eom orphism to get

gm satisfying (gmij)� = 2(R ij + r ir jf);the othercom ponentsofg
m becom e

(m od N �1 )

g
m
�� = (1�

2f

N
)~g�� ;g

m
00
= ~gm

00
� jr fj

2 =
1

�
(
N

2
� [�(24 f� jr fj2+ R)+ f� n]);

g
m
i0 = g

m
�0 = g

m
i� = 0

Note thatthe hypersurface � =constin the m etric gm hasthe volum e form

�N =2e�f tim es the canonicalform on M and S
N ;and the scalar curvature

ofthishypersurfaceis 1

�
(N
2
+ �(24 f � jr fj2 + R)+ f)m od N �1 :Thusthe

entropy S m ultiplied by the inverse tem perature � isessentially m inusthe

totalscalarcurvatureofthishypersurface.

6.3 Now we return to the m etric ~g and try to use its Ricci-
atness by

interpreting the Bishop-Grom ov relative volum e com parison theorem .Con-

sider a m etric ballin (~M ;~g) centered at som e point p where � = 0:Then

clearly the shortest geodesic between p and an arbitrary point q is always

orthogonalto theSN �bre.Thelength ofsuch curve 
(�)can becom puted

as
Z �(q)

0

r
N

2�
+ R + j_
M (�)j

2d�

=
p
2N �(q)+

1
p
2N

Z �(q)

0

p
�(R + j_
M (�)j

2)d� + O (N �
3

2)

13



Thusa shortestgeodesicshould m inim izeL(
)=
R�(q)

0

p
�(R + j_
M (�)j

2)d�;

an expression de�ned entirely in term sofM . LetL(qM )denote the corre-

sponding in�m um .Itfollowsthata m etricsphere in ~M ofradius
p
2N �(q)

centered atp isO (N �1 )-close to the hypersurface � = �(q);and itsvolum e

can becom puted asV (SN )
R

M
(
p
�(q)� 1

2N
L(x)+ O (N �2 ))N dx;sotheratio

ofthisvolum eto
p
2N �(q)

N + n

isjustconstanttim esN �
n

2 tim es

Z

M

�(q)�
n

2 exp(�
1

p
2�(q)

L(x))dx + O (N �1 )

The com putation suggeststhatthisintegral,which we willcallthe reduced

volum e and denote by ~V (�(q));should be increasing as� decreases. A rig-

orousproofofthism onotonicity isgiven in thenextsection.

6.4* The �rst geom etric interpretation ofHam ilton’s Harnack expres-

sionswasfound by Chow and Chu [C-Chu 1,2];they constructa potentially

degenerateriem annian m etricon M � R;which potentially satis�estheRicci

soliton equation;ourconstruction is,in a certain sense,dualto theirs.

Ourform ula forthereduced volum eresem blestheexpression in Huisken

m onotonicity form ula forthem ean curvature
ow [Hu];however,in ourcase

them onotonicity isin theoppositedirection.

7 A com parison geom etry approach to the

R icci
ow

7.1 In thissection weconsideran evolvingm etric(gij)� = 2R ij on am anifold

M ;we assum e that either M is closed, or gij(�) are com plete and have

uniform ly bounded curvatures. To each curve 
(�);0 < �1 � � � �2;we

associateitsL-length

L(
)=

Z �2

�1

p
�(R(
(�))+ j_
(�)j2)d�

(ofcourse,R(
(�))and j_
(�)j2 arecom puted using gij(�))

LetX (�)= _
(�);and letY (�)be any vector�eld along 
(�):Then the

�rstvariation form ula can bederived asfollows:

�Y (L)=

14



Z �2

�1

p
�(< Y;r R > +2< rY X ;X >)d� =

Z �2

�1

p
�(< Y;r R > +2< rX Y;X >)d�

=

Z �2

�1

p
�(< Y;r R > +2

d

d�
< Y;X > �2< Y;r X X > �4Ric(Y;X ))d�

= 2
p
� < X ;Y >

�
��2
�1
+

Z
�2

�1

p
� < Y;r R � 2rX X � 4Ric(X ;�)�

1

�
X > d�

(7.1)

ThusL-geodesicsm ustsatisfy

r X X �
1

2
r R +

1

2�
X + 2Ric(X ;�)= 0 (7.2)

Given two points p;q and �2 > �1 > 0;we can always �nd an L-shortest

curve 
(�);� 2 [�1;�2]between them ,and every such L-shortestcurve isL-

geodesic. Itiseasy to extend thisto the case �1 = 0;in thiscase
p
�X (�)

hasa lim itas� ! 0:From now on we�x p and �1 = 0 and denoteby L(q;��)

theL-length oftheL-shortestcurve
(�);0� � � ��;connecting p and q:In

thecom putationsbelow wepretend thatshortestL-geodesicsbetween p and

q are unique forallpairs(q;��);ifthisisnotthe case,the inequalitiesthat

weobtain arestillvalid when understood in thebarriersense,orin thesense

ofdistributions.

The �rst variation form ula (7.1) im plies that r L(q;��) = 2
p
��X (��);so

thatjr Lj2 = 4��jX j2 = �4��R + 4��(R + jX j2):W ecan also com pute

L��(q;��)=
p
��(R + jX j

2)� < X ;r L >= 2
p
��R �

p
��(R + jX j

2)

To evaluateR + jX j2 wecom pute(using (7.2))

d

d�
(R(
(�))+ jX (�)j2)= R �+ < r R;X > +2< r X X ;X > +2Ric(X ;X )

= R � +
1

�
R + 2< r R;X > �2Ric(X ;X )�

1

�
(R + jX j

2)

= �H (X )�
1

�
(R + jX j

2); (7.3)

where H (X )is the Ham ilton’s expression forthe trace Harnack inequality

(with t= ��).Hence,

��
3

2(R + jX j
2)(��)= �K +

1

2
L(q;��); (7.4)
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whereK = K (
;��)denotestheintegral
R
��

0
�

3

2H (X )d�;which we’llencounter

a few tim esbelow.Thusweget

L�� = 2
p
��R �

1

2��
L +

1

��
K (7.5)

jr Lj
2 = �4��R +

2
p
��
L �

4
p
��
K (7.6)

Finally weneed to estim atethesecond variation ofL:W ecom pute

�
2

Y (L)=

Z
��

0

p
�(Y � Y � R + 2< rY r Y X ;X > +2jr Y X j

2)d�

=

Z
��

0

p
�(Y � Y � R + 2< rX r Y Y;X > +2< R(Y;X );Y;X > +2jr X Y j

2)d�

Now

d

d�
< r Y Y;X >=< r X r Y Y;X > + < r Y Y;r X X > +2Y �Ric(Y;X )�X �Ric(Y;Y );

so,ifY (0)= 0 then

�
2

Y (L)= 2< r Y Y;X >
p
��+

Z
��

0

p
�(rY r Y R + 2< R(Y;X );Y;X > +2jr X Y j

2

+ 2r X Ric(Y;Y)� 4r Y Ric(Y;X ))d�; (7.7)

wherewediscarded thescalarproductof�2r Y Y with thelefthand sideof

(7.2).Now �x thevalue ofY at� = ��,assum ing jY (��)j= 1;and construct

Y on [0;��]by solving theODE

r X Y = �Ric(Y;�)+
1

2�
Y (7.8)

W ecom pute

d

d�
< Y;Y >= 2Ric(Y;Y )+ 2< r X Y;Y >=

1

�
< Y;Y >;
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sojY(�)j2 = �

��
;and in particular,Y (0)= 0:M akingasubstitution into(7.7),

weget

HessL(Y;Y )�
Z

��

0

p
�(rY r Y R + 2< R(Y;X );Y;X > +2r X Ric(Y;Y )� 4r Y Ric(Y;X )

+2jRic(Y;�)j2 �
2

�
Ric(Y;Y )+

1

2���
)d�

To putthisin a m oreconvenientform ,observe that

d

d�
Ric(Y (�);Y (�))= Ric�(Y;Y )+ r X Ric(Y;Y )+ 2Ric(r X Y;Y )

= Ric�(Y;Y )+ r X Ric(Y;Y )+
1

�
Ric(Y;Y )� 2jRic(Y;�)j2;

so

HessL(Y;Y )�
1
p
��
� 2

p
��Ric(Y;Y )�

Z
��

0

p
�H (X ;Y )d�; (7.9)

where

H (X ;Y )= �r Y r Y R�2< R(Y;X )Y;X > �4(r X Ric(Y;Y )�r Y Ric(Y;X ))

�2Ric�(Y;Y )+ 2jRic(Y;�)j2 �
1

�
Ric(Y;Y )

istheHam ilton’sexpression forthem atrixHarnackinequality(with t= ��).

Thus

4 L � �2
p
�R +

n
p
�
�
1

�
K (7.10)

A �eld Y (�)alongL-geodesic
(�)iscalled L-Jacobi,ifitisthederivative

ofavariation of
 am ongL-geodesics.Foran L-Jacobi�eld Y with jY (��)j=

1 wehave

d

d�
jYj

2 = 2Ric(Y;Y )+ 2< r X Y;Y >= 2Ric(Y;Y )+ 2< r Y X ;Y >

= 2Ric(Y;Y )+
1
p
��
HessL(Y;Y )�

1

��
�

1
p
��

Z
��

0

�
1

2H (X ;~Y )d�; (7.11)

where ~Y is obtained by solving ODE (7.8)with initialdata ~Y (��) = Y (��):

M oreover, the equality in (7.11) holds only if ~Y is L-Jacobi and hence
d

d�
jY j2 = 2Ric(Y;Y )+ 1p

��
HessL(Y;Y )=

1

��
:
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Now we can deduce an estim ate forthe jacobian J ofthe L-exponential

m ap,given by LexpX (��)= 
(��);where
(�)istheL-geodesic,starting atp

and having X asthelim itof
p
� _
(�)as� ! 0:W eobtain

d

d�
logJ(�)�

n

2��
�
1

2
���

3

2K ; (7.12)

with equality only if2Ric+ 1p
��
HessL = 1

��
g:Letl(q;�)= 1

2
p
�
L(q;�)be the

reduced distance.Then along an L-geodesic
(�)wehave(by (7.4))

d

d�
l(�)= �

1

2��
l+

1

2
(R + jX j

2)= �
1

2
���

3

2K ;

so (7.12) im plies that ��
n

2 exp(�l(�))J(�) is nonincreasing in � along 
,

and m onotonicity is strict unless we are on a gradient shrinking soliton.

Integrating over M ,we get m onotonicity ofthe reduced volum e function
~V (�) =

R

M
��

n

2 exp(�l(q;�))dq:(Alternatively,one could obtain the sam e

m onotonicity by integrating thedi�erentialinequality

l�� � 4 l+ jr lj
2
� R +

n

2��
� 0; (7.13)

which follows im m ediately from (7.5),(7.6)and (7.10). Note also a useful

inequality

24 l� jr lj
2 + R +

l� n

��
� 0; (7.14)

which followsfrom (7.6),(7.10).)

On the otherhand,ifwe denote �L(q;�)= 2
p
�L(q;�);then from (7.5),

(7.10)weobtain
�L�� + 4 �L � 2n (7.15)

Therefore,the m inim um of �L(�;��)� 2n�� isnonincreasing,so in particular,

them inim um ofl(�;��)doesnotexceedn
2
foreach �� > 0:(Thelowerbound for

lism uch easierto obtain sincetheevolution equation R � = �4 R � 2jRicj2

im pliesR(�;�)� � n

2(�0��)
;wheneverthe
ow existsfor� 2 [0;�0]:)

7.2 Ifthem etricsgij(�)havenonnegativecurvatureoperator,then Ham il-

ton’s di�erentialHarnack inequalities hold, and one can say m ore about

the behavior ofl:Indeed, in this case, ifthe solution is de�ned for � 2

[0;�0]; then H (X ;Y ) � �Ric(Y;Y )(1
�
+ 1

�0��
) � �R(1

�
+ 1

�0��
)jY j2 and
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H (X ) � �R(1
�
+ 1

�0��
):Therefore,whenever � is bounded away from �0

(say,� � (1� c)�0;c> 0),weget(using (7.6),(7.11))

jr lj
2 + R �

Cl

�
; (7.16)

and forL-Jacobi�eldsY

d

d�
logjY j2 �

1

�
(Cl+ 1) (7.17)

7.3 Asthe �rstapplication ofthe com parison inequalities above,letus

give an alternative proofofa weakened version ofthe no localcollapsing

theorem 4.1. Nam ely,ratherthan assum ing jRm j(x;tk)� r
�2

k
forx 2 B k;

we require jRm j(x;t) � r
�2

k
whenever x 2 B k;tk � r2k � t� tk:Then the

proofcan goasfollows:let�k(t)= tk� t;p= pk;�k = r
�1

k
V ol(B k)

1

n :W eclaim

that ~Vk(�kr
2

k)< 3�
n

2

k
when k islarge.Indeed,usingtheL-exponentialm ap we

can integrateoverTpM ratherthan M ;thevectorsin TpM oflength atm ost

1

2
�
�

1

2

k
giveriseto L-geodesics,which can notescapefrom B k in tim e�kr

2

k;so

theircontribution to the reduced volum e doesnotexceed 2�
n

2

k
;on theother

hand,thecontribution ofthelongervectorsdoesnotexceed exp(� 1

2
�
�

1

2

k
)by

the jacobian com parison theorem . However, ~Vk(tk)(thatis,att= 0)stays

bounded away from zero.Indeed,sincem in lk(�;tk �
1

2
T)� n

2
;wecan pick a

pointqk;whereitisattained,and obtain auniversalupperbound on lk(�;tk)

by considering only curves
 with 
(tk�
1

2
T)= qk;and usingthefactthatall

geom etricquantitiesin gij(t)areuniform ly bounded when t2 [0;1
2
T]:Since

them onotonicity ofthereduced volum erequires ~Vk(tk)� ~Vk(�kr
2

k);thisisa

contradiction.

A sim ilarargum entshowsthatthestatem entofthecorollary in 4.2 can

bestrengthened byaddinganotherpropertyoftheancientsolution,obtained

asablow-up lim it.Nam ely,wem ay claim thatif,say,thissolution isde�ned

fort2 (�1 ;0);then forany pointp and any t0 > 0;the reduced volum e

function ~V (�);constructed using p and �(t)= t0� t;isbounded below by �:

7.4* The com putationsin thissection are justnaturalm odi�cationsof

thosein theclassicalvariationaltheory ofgeodesicsthatcan befound in any

textbook on Riem annian geom etry;an even closerreference is[L-Y],where

they use"length",associated to a linearparabolicequation,which ispretty

m uch thesam easin ourcase.
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8 N o localcollapsing theorem II

8.1 Letus�rstform alizethenotion oflocalcollapsing,thatwasused in 7.3.

D e�nition. A solution to the Ricci
 ow (gij)t = �2R ij is said to be

�-collapsed at(x0;t0) on the scale r > 0 ifjRm j(x;t) � r�2 for all(x;t)

satisfyingdistt0(x;x0)< r and t0� r2 � t� t0;and thevolum eofthem etric

ballB (x0;r
2)attim e t0 islessthan �rn:

8.2 T heorem . For any A > 0 there exists � = �(A)> 0 with the fol-

lowing property. If gij(t) is a sm ooth solution to the Ricci
 ow (gij)t =

�2R ij;0 � t � r20; which has jRm j(x;t) � r
�2
0 for all(x;t); satisfying

dist0(x;x0) < r0;and the volum e ofthe m etric ballB (x0;r0) attim e zero

isatleastA �1 rn
0
;then gij(t)can notbe �-collapsed on the scaleslessthan r0

ata point(x;r20)with distr2
0

(x;x0)� Ar0:

Proof.Byscalingwem ayassum er0 = 1;wem ayalsoassum edist1(x;x0)=

A:Letusapply theconstructionsof7.1choosingp= x;�(t)= 1� t:Arguing

asin 7.3,weseethatifoursolution iscollapsed atx on thescaler� 1;then

thereduced volum e ~V (r2)m ustbevery sm all;on theotherhand,~V (1)can

notbe sm allunless m in l(x;1
2
) over x satisfying dist1

2

(x;x0)�
1

10
is large.

Thusallweneed isto estim atel;orequivalently �L;in thatball.Recallthat
�L satis�esthe di�erentialinequality (7.15). In orderto use ite�ciently in

a m axim um principle argum ent,we need �rstto check the following sim ple

assertion.

8.3 Lem m a.Supposewehaveasolution totheRicci
 ow (gij)t= �2R ij:

(a) Suppose Ric(x;t0) � (n � 1)K when distt0(x;x0) < r0:Then the

distancefunction d(x;t)= distt(x;x0)satis� esatt= t0 outsideB (x0;r0)the

di� erentialinequality

dt� 4 d � �(n � 1)(
2

3
K r0 + r

�1
0
)

(the inequality m ustbe understood in the barriersense,when necessary)

(b)(cf.[H 4,x17])Suppose Ric(x;t0)� (n � 1)K when distt0(x;x0)< r0;

ordistt0(x;x1)< r0:Then

d

dt
distt(x0;x1)� �2(n � 1)(

2

3
K r0 + r

�1
0 )at t= t0

ProofofLem m a.(a)Clearly,dt(x)=
R



�Ric(X ;X );where
 istheshortest

geodesic between x and x0 and X isits unit tangentvector,On the other

hand,4 d �
P

n�1

k= 1
s00Yk(
);where Yk are vector �elds along 
;vanishing at
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x0 and form ing an orthonorm albasis at x when com plem ented by X ;and

s00Yk(
)denotesthesecond variation alongYk ofthelength of
:TakeYk tobe

parallelbetween x and x1;and linearbetween x1 and x0;whered(x1;t0)= r0:

Then

4 d �

n�1X

k= 1

s
00
Yk
(
)=

Z d(x;t0)

r0

�Ric(X ;X )ds+

Z r0

0

(
s2

r20
(�Ric(X ;X ))+

n � 1

r20
)ds

=

Z




�Ric(X ;X )+

Z
r0

0

(Ric(X ;X )(1�
s2

r2
0

)+
n � 1

r2
0

)ds� dt+(n�1)(
2

3
K r0+r

�1
0
)

Theproofof(b)issim ilar.

Continuing the proofoftheorem ,apply the m axim um principle to the

function h(y;t)= �(d(y;t)� A(2t� 1))(�L(y;1� t)+ 2n+ 1);whered(y;t)=

distt(x;x0);and � is a function ofone variable,equal1 on (�1 ;1

20
);and

rapidly increasing to in�nity on (1

20
;1

10
);in such a way that

2(�0)2=� � �
00
� (2A + 100n)�0� C(A)�; (8.1)

forsom e constantC(A)< 1 :Note that �L + 2n + 1 � 1 fort� 1

2
by the

rem ark in the very end of7.1. Clearly,m in h(y;1)� h(x;1)= 2n + 1:On

the other hand,m in h(y;1
2
) is achieved forsom e y satisfying d(y;1

2
) � 1

10
:

Now wecom pute

2h = (�L+ 2n+ 1)(��00+ (dt� 4 d� 2A)�
0)� 2< r �r �L > +(�Lt� 4

�L)� (8.2)

r h = (�L + 2n + 1)r � + �r �L (8.3)

Ata m inim um pointofh wehaver h = 0;so (8.2)becom es

2h = (�L + 2n+ 1)(��00+ (dt� 4 d� 2A)�0+ 2(�0)2=�)+ (�Lt� 4 �L)� (8.4)

Now since d(y;t)� 1

20
whenever�06= 0;and since Ric� n � 1 in B (x0;

1

20
);

wecan apply ourlem m a (a)to getdt� 4 d � �100(n � 1)on thesetwhere

�06= 0:Thus,using (8.1)and (7.15),weget

2h � �(�L + 2n + 1)C(A)� � 2n� � �(2n + C(A))h

Thisim pliesthatm in h can notdecrease too fast,and we getthe required

estim ate.
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9 D i�erentialH arnack inequality forsolutions

ofthe conjugate heat equation

9.1 Proposition.Letgij(t)beasolution totheRicci
 ow (gij)t= �2R ij;0�

t � T;and let u = (4�(T � t))�
n

2 e�f satisfy the conjugate heat equation

2
�u = �ut� 4 u+ Ru = 0:Then v = [(T � t)(24 f � jr fj2 + R)+ f � n]u

satis� es

2
�
v = �2(T � t)jR ij + r ir jf �

1

2(T � t)
gijj

2 (9.1)

Proof.Routinecom putation.

Clearly,this proposition im m ediately im plies the m onotonicity form ula

(3.4);itsadvantageover(3.4)showsup when onehasto work locally.

9.2 C orollary. Under the sam e assum ptions,on a closed m anifold M ,or

wheneverthe application ofthe m axim um principlecan be justi� ed,m in v=u

isnondecreasing in t:

9.3 C orollary.Under the sam e assum ptions,ifu tends to a �-function as

t! T;then v � 0 forallt< T:

Proof. Ifh satis�esthe ordinary heatequation ht = 4 h with respectto

theevolvingm etricgij(t);then wehave
d

dt

R
hu = 0and d

dt

R
hv � 0:Thuswe

only need to check thatforeverywhere positiveh thelim itof
R
hv ast! T

isnonpositive.Butitiseasy to see,thatthislim itisin factzero.

9.4 C orollary.Underassum ptionsofthepreviouscorollary,foranysm ooth

curve 
(t)in M holds

�
d

dt
f(
(t);t)�

1

2
(R(
(t);t)+ j_
(t)j2)�

1

2(T � t)
f(
(t);t) (9.2)

Proof.From theevolution equation ft = �4 f + jr fj2 � R + n

2(T�t)
and

v � 0wegetft+
1

2
R � 1

2
jr fj2�

f

2(T�t)
� 0:On theotherhand,� d

dt
f(
(t);t)=

�ft� < r f;_
(t)>� �ft+
1

2
jr fj2 + 1

2
j_
j2:Sum m ing thesetwo inequalities,

weget(9.2).

9.5 C orollary.Ifunderassum ptionsofthepreviouscorollary,p isthepoint

where the lim it�-function isconcentrated,then f(q;t)� l(q;T � t);where l

isthe reduced distance,de� ned in 7.1,using p and �(t)= T � t:
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Proof.Use(7.13)in theform 2
�exp(�l)� 0:

9.6 Rem ark. Ricci
ow can be characterized am ong allotherevolution

equationsby the in�nitesim albehaviorofthe fundam entalsolutionsofthe

conjugateheatequation.Nam ely,supposewehaveariem annian m etricgij(t)

evolving with tim e according to an equation (gij)t = A ij(t):Then we have

theheatoperator2 = @

@t
� 4 and itsconjugate2 � = � @

@t
� 4 � 1

2
A;so that

d

dt

R
uv =

R
((2u)v� u(2 �v)):(Here A = gijA ij)Considerthe fundam ental

solution u = (�4�t)�
n

2 e�f for2 �;startingas�-function atsom epoint(p;0):

Then forgeneralA ij thefunction (2 �f+
�f

t
)(q;t);where �f = f�

R
fu;isofthe

orderO (1)for(q;t)near(p;0):TheRicci
ow A ij = �2R ij ischaracterized

by thecondition (2 �f+
�f

t
)(q;t)= o(1);in fact,itisO (jpqj2+ jtj)in thiscase.

9.7* Inequalities ofthe type of(9.2)are known asdi�erentialHarnack

inequalities;such inequality wasproved by Liand Yau [L-Y]forthesolutions

oflinearparabolicequationson riem annian m anifolds.Ham ilton [H 7,8]used

di�erentialHarnack inequalitiesforthesolutionsofbackward heatequation

on a m anifold to provem onotonicity form ulasforcertain parabolic
ows.A

localm onotonicity form ula form ean curvature
ow m aking useofsolutions

ofbackward heatequation wasobtained by Ecker[E 2].

10 Pseudolocality theorem

10.1 T heorem .For every � > 0 there exist� > 0;� > 0 with the follow-

ing property. Suppose we have a sm ooth solution to the Ricci
 ow (gij)t =

�2R ij;0 � t� (�r0)
2;and assum e thatatt= 0 we have R(x)� �r

�2
0

and

V ol(@
)n � (1� �)cnV ol(
)
n�1 for any x;
 � B (x 0;r0);where cn is the

euclidean isoperim etric constant. Then we have an estim ate jRm j(x;t) �

�t�1 + (�r0)
�2 whenever0< t� (�r0)

2;d(x;t)= distt(x;x0)< �r0:

Thus,undertheRicci
ow,thealm ostsingularregions(wherecurvature

islarge)can notinstantlysigni�cantlyin
uencethealm osteuclidean regions.

Or,usingtheinterpretation viarenorm alization group 
ow,ifaregion looks

trivial(alm ost euclidean) on higher energy scale,then itcan notsuddenly

becom ehighly nontrivialon a slightly lowerenergy scale.

Proof. Itisan argum entby contradiction. The idea isto pick a point

(�x;�t)notfarfrom (x0;0)and considerthe solution u to the conjugate heat

equation,starting as�-function at(�x;�t);and thecorresponding nonpositive

function v as in 9.3. Ifthe curvatures at(�x;�t)are notsm allcom pared to
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�t�1 and arelargerthan atnearby points,then onecan show that
R
v attim e

tisbounded away from zero for(sm all)tim e intervals�t� tofthe orderof

jRm j�1 (�x;�t):By m onotonicity we conclude that
R
v isbounded away from

zero at t= 0:In fact,using (9.1) and an appropriate cut-o� function,we

can show that at t= 0 already the integralofv over B (x0;r) is bounded

away from zero,whereastheintegralofu overthisballiscloseto 1;wherer

can bem adeassm allaswelikecom pared to r0:Now using thecontrolover

thescalarcurvatureand isoperim etric constantin B (x0r0);we can obtain a

contradiction to thelogarithm icSobolev inequality.

Now letusgo into details. By scaling assum e thatr0 = 1:W e m ay also

assum e that� issm all,say � < 1

100n
:From now on we �x � and denote by

M � thesetofpairs(x;t);such thatjRm j(x;t)� �t�1 :

C laim 1.For any A > 0;ifgij(t)solvesthe Ricci
 ow equation on 0 �

t� �2;A� < 1

100n
;and jRm j(x;t)> �t�1 + ��2 forsom e(x;t);satisfying 0�

t� �2;d(x;t)< �;then one can � nd (�x;�t)2 M �;with 0 < �t� �2;d(�x;�t)<

(2A + 1)�;such that

jRm j(x;t)� 4jRm j(�x;�t); (10.1)

whenever

(x;t)2 M �;0< t� �t;d(x;t)� d(�x;�t)+ AjRm j
�

1

2(�x;�t) (10.2)

ProofofClaim 1. W e construct (�x;�t) as a lim it ofa (�nite) sequence

(xk;tk);de�ned in the following way. Let (x1;t1) be an arbitrary point,

satisfying 0< t1 � �2;d(x1;t1)< �;jRm j(x1;t1)� �t�1 + ��2 :Now if(xk;tk)

is already constructed,and ifit can not be taken for (�x;�t);because there

is som e (x;t) satisfying (10.2), but not (10.1), then take any such (x;t)

for (xk+ 1;tk+ 1):Clearly,the sequence,constructed in such a way,satis�es

jRm j(xk;tk)� 4k�1 jRm j(x1;t1)� 4k�1 ��2 ;and therefore,d(xk;tk)� (2A +

1)�:Sincethesolution issm ooth,thesequence is�nite,and itslastelem ent

�ts.

C laim 2.For(�x;�t);constructed above,(10.1)holdswhenever

�t�
1

2
�Q

�1
� t� �t;dist�t(x;�x)�

1

10
AQ

�
1

2; (10.3)

where Q = jRm j(�x;�t):

ProofofClaim 2. W e only need to show that if(x;t) satis�es (10.3),

then itm ustsatisfy (10.1)or(10.2).Since(�x;�t)2 M �;wehaveQ � ��t�1 ;so
�t� 1

2
�Q �1 � 1

2
�t:Hence,if(x;t)doesnotsatisfy (10.1),itde�nitely belongsto
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M �:Now by thetriangleinequality,d(x;�t)� d(�x;�t)+ 1

10
AQ �

1

2:On theother

hand,using lem m a 8.3(b)we see that,astdecreases from �tto �t� 1

2
�Q �1 ;

the pointx can notescape from the ballofradiusd(�x;�t)+ AQ �
1

2 centered

atx0:

Continuing theproofofthetheorem ,and arguing by contradiction,take

sequences � ! 0;� ! 0 and solutions gij(t);violating the statem ent; by

reducing �;we’llassum ethat

jRm j(x;t)� �t
�1 + 2��2 whenever0� t� �

2 and d(x;t)� � (10.4)

Take A = 1

100n�
! 1 ;construct (�x;�t);and consider solutionsu = (4�(�t�

t))�
n

2 e�f ofthe conjugateheatequation,starting from �-functionsat(�x;�t);

and corresponding nonpositivefunctionsv:

C laim 3.As�;� ! 0;onecan � nd tim es~t2 [�t� 1

2
�Q �1 ;�t];such thatthe

integral
R

B
v staysbounded away from zero,where B isthe ballattim e ~tof

radius
p
�t� ~tcentered at�x:

ProofofClaim 3(sketch). The statem ent is invariant under scaling,so

we can try to take a lim it ofscalings ofgij(t) at points (�x;�t) with factors

Q:Ifthe injectivity radiiofthe scaled m etrics at (�x;�t) are bounded away

from zero,then a sm ooth lim itexists,itiscom plete and hasjRm j(�x;�t)= 1

and jRm j(x;t) � 4 when �t� 1

2
� � t� �t:It is not hard to show that the

fundam entalsolutionsu ofthe conjugate heatequation converge to such a

solution on the lim itm anifold. Buton the lim itm anifold,
R

B
v can notbe

zero for~t= �t� 1

2
�;since the evolution equation (9.1)would im ply in this

case thatthe lim itisa gradientshrinking soliton,and thisisincom patible

with jRm j(�x;�t)= 1:

Ifthe injectivity radiiofthe scaled m etrics tend to zero,then we can

changethescaling factor,to m akethescaled m etricsconvergeto a 
atm an-

ifold with �nite injectivity radius;in thiscase itisnothard to choose ~tin

such a way that
R

B
v ! �1 :

Thepositivelowerbound for�
R

B
v willbedenoted by �:

Ournextgoalisto constructan appropriatecut-o� function.W echoose

itin the form h(y;t)= �(
~d(y;t)

10A �
);where ~d(y;t)= d(y;t)+ 200n

p
t;and � is

a sm ooth function ofone variable,equalone on (�1 ;1]and decreasing to

zero on [1;2]:Clearly,h vanishesatt= 0 outside B (x0;20A�);on theother

hand,itisequalto onenear(�x;�t):

Now 2h = 1

10A �
(dt� 4 d+

100np
t
)�0� 1

(10A �)2
�00:Notethatdt� 4 t+

100np
t
� 0

on the set where �0 6= 0 � this follows from the lem m a 8.3(a) and our

25



assum ption (10.4). W e m ay also choose � so that�00 � �10�;(�0)2 � 10�:

Now wecan com pute(
R

M
hu)t =

R

M
(2h)u � 1

(A �)2
;so

R

M
hu jt= 0�

R

M
hu jt= �t

�
�t

(A �)2
� 1� A �2 :Also,by (9.1),(

R

M
�hv)t �

R

M
�(2h)v � 1

(A �)2

R

M
�hv;

so by Claim 3,�
R

M
hv jt= 0� �exp(�

�t

(A �)2
)� �(1� A�2 ):

From now on we"llwork att= 0 only.Let ~u = hu and correspondingly
~f = f � logh:Then

�(1� A
�2 )� �

Z

M

hv =

Z

M

[(�24 f + jr fj
2
� R)�t� f + n]hu

=

Z

M

[� �tjr ~fj2 � ~f + n]~u +

Z

M

[�t(jr hj2=h � Rh)� hlogh]u

�

Z

M

[� �tjr ~fj2 � ~f � n]~u + A
�2 + 100�2

(Notethat
R

M
�uhlogh doesnotexceed theintegralofu over

B (x0;20A�)nB (x0;10A�);and
R

B (x0;10A �)
u �

R

M
�hu � 1� A �2 ;

where �h = �(
~d

5A �
))

Now scaling the m etric by the factor 1

2
�t�1 and sending �;� to zero,we

get a sequence ofm etric balls with radiigoing to in�nity,and a sequence

ofcom pactly supported nonnegativefunctionsu = (2�)�
n

2 e�f with
R
u ! 1

and
R
[� 1

2
jr fj2 � f + n]u bounded away from zero by a positive constant.

W ealso haveisoperim etricinequalitieswith theconstantstending to theeu-

clidean one.Thissetup isin con
ictwith theGaussian logarithm icSobolev

inequality,ascan beseen by using sphericalsym m etrization.

10.2 C orollary(from the proof)Under the sam e assum ptions,we also

have attim e t;0 < t � (�r0)
2;an estim ate V olB (x;

p
t) � c

p
t
n
for x 2

B (x0;�r0);where c= c(n)isa universalconstant.

10.3 T heorem .Thereexist�;� > 0with thefollowingproperty.Suppose

gij(t)isa sm ooth solution to theRicci
 ow on [0;(�r0)
2];and assum ethatat

t= 0 we have jRm j(x)� r
�2
0

in B (x0;r0);and V olB (x0;r0)� (1� �)!nr
n
0
;

where!n isthevolum eoftheunitballin R
n:Then theestim atejRm j(x;t)�

(�r0)
�2 holdswhenever0� t� (�r0)

2;distt(x;x0)< �r0:

Theproofisa slightm odi�cation oftheproofoftheorem 10.1,and isleft

to thereader.A naturalquestion iswhethertheassum ption on thevolum e

oftheballissuper
uous.

10.4 C orollary(from 8.2,10.1,10.2) There exist�;� > 0 and for any

A > 0 there exists �(A) > 0 with the following property. If gij(t) is a
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sm ooth solution to the Ricci
 ow on [0;(�r0)
2];such thatatt= 0 we have

R(x)� �r
�2
0
;V ol(@
)n � (1� �)cnV ol(
)

n�1 forany x;
� B (x 0;r0);and

(x;t)satis� esA�1 (�r0)
2 � t� (�r0)

2;distt(x;x0)� Ar0;then gij(t)can not

be �-collapsed at(x;t)on the scaleslessthan
p
t:

10.5 Rem ark. It is straightforward to get from 10.1 a version ofthe

Cheegerdi�eo�nitenesstheorem form anifolds,satisfyingourassum ptionson

scalarcurvatureand isoperim etricconstanton each ballofsom e�xed radius

r0 > 0:In particular,these assum ptionsare satis�ed (forsom e controllably

sm allerr0),ifweassum ealowerbound forRicand an alm osteuclidean lower

bound forthe volum e ofthe ballsofradiusr0:(thisfollowsfrom the Levy-

Grom ov isoperim etric inequality);thuswe getone oftheresultsofCheeger

and Colding [Ch-Co]undersom ewhatweakerassum ptions.

10.6* Ourpseudolocality theorem issim ilarin som erespecttotheresults

ofEcker-Huisken [E-Hu]on them ean curvature
ow.

11 A ncient solutions w ith nonnegative cur-

vature operator and bounded entropy

11.1.In thissection weconsidersm ooth solutionsto theRicci
ow (gij)t =

�2R ij;�1 < t � 0;such that for each t the m etric gij(t) is a com plete

non-
at m etric ofbounded curvature and nonnegative curvature operator.

Ham ilton discovered a rem arkable di�erentialHarnack inequality for such

solutions;weneed only itstraceversion

R t+ 2< X ;r R > +2Ric(X ;X )� 0 (11.1)

and its corollary,R t � 0:In particular,the scalar curvature at som e tim e

t0 � 0 controlsthecurvaturesforallt� t0:

W e im pose one m ore requirem enton the solutions;nam ely,we �x som e

� > 0 and requirethatgij(t)be�-noncollapsed on allscales(thede�nitions

4.2 and 8.1 are essentially equivalent in this case). It is not hard to show

that this requirem ent is equivalent to a uniform bound on the entropy S;

de�ned as in 5.1 using an arbitrary fundam entalsolution to the conjugate

heatequation.

11.2. Pick an arbitrary point (p;t0) and de�ne ~V (�);l(q;�) as in 7.1,for

�(t) = t0 � t:Recallthat for each � > 0 we can �nd q = q(�);such that

l(q;�)� n

2
:
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Proposition.Thescalingsofgij(t0� �)atq(�)with factors��1 converge

along a subsequence of� ! 1 to a non-
 atgradientshrinking soliton.

Proof(sketch). Itisnothard to deduce from (7.16)thatforany � > 0

one can �nd � > 0 such that both l(q;�) and �R(q;t0 � �) do not exceed

��1 whenever 1

2
�� � � � �� and dist2t0��� (q;q(��)) � ��1 �� for som e �� > 0:

Therefore,taking into accountthe�-noncollapsing assum ption,wecan take

a blow-down lim it,say �gij(�);de�ned for� 2 (1
2
;1);(�gij)� = 2�R ij:W e m ay

assum ealso thatfunctionsltend to a locally Lipschitzfunction �l;satisfying

(7.13),(7.14)in the sense ofdistributions.Now,since ~V (�)isnonincreasing

and bounded away from zero (because the scaled m etricsare notcollapsed

nearq(�))thelim itfunction �V (�)m ustbea positiveconstant;thisconstant

isstrictly lessthan lim �! 0
~V (�)= (4�)

n

2 ;since gij(t)isnot
at. Therefore,

on theonehand,(7.14)m ustbecom ean equality,hence�lissm ooth,and on

theotherhand,by thedescription oftheequality casein (7.12),�gij(�)m ust

bea gradientshrinking soliton with �R ij + �r i
�r j
�l� 1

2�
�gij = 0:Ifthissoliton

is
at,then �lisuniquely determ ined by the equality in (7.14),and itturns

outthatthevalueof�V isexactly (4�)
n

2 ;which wasruled out.

11.3 C orollary.There is only one oriented two-dim ensionalsolution,sat-

isfying the assum ptionsstated in 11.1,-the round sphere.

Proof. Ham ilton [H 10]proved that round sphere is the only non-
at

oriented nonnegatively curved gradientshrinking soliton in dim ension two.

Thus,the scalingsofourancientsolution m ustconverge to a round sphere.

However,Ham ilton [H 10]has also shown that an alm ost round sphere is

getting m oreround underRicci
ow,thereforeourancientsolution m ustbe

round.

11.4.Recallthatforany non-com pactcom plete riem annian m anifold M of

nonnegativeRiccicurvatureand a pointp 2 M ;thefunction V olB (p;r)r�n

is nonincreasing in r > 0;therefore,one can de�ne an asym ptotic volum e

ratio V asthelim itofthisfunction asr! 1 :

Proposition.Underassum ptionsof11.1,V = 0 foreach t:

Proof. Induction on dim ension. In dim ension two the statem ent is

vacuous, as we have just shown. Now let n � 3;suppose that V > 0

for som e t = t0;and consider the asym ptotic scalar curvature ratio R =

lim supR(x;t0)d
2(x) as d(x) ! 1 :(d(x) denotes the distance,at tim e t0;

from x to som e �xed point x0) IfR = 1 ;then we can �nd a sequence of

points xk and radiirk > 0;such that rk=d(xk) ! 0;R(xk)r
2

k ! 1 ;and
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R(x) � 2R(xk) whenever x 2 B (xk;rk):Taking blow-up lim it ofgij(t) at

(xk;t0)with factors R(xk);we geta sm ooth non-
atancient solution,sat-

isfying the assum ptions of11.1,which splits o� a line (this follows from a

standard argum entbased on theAleksandrov-Toponogov concavity).Thus,

wecan do dim ension reduction in thiscase(cf.[H 4,x22]).

If0< R < 1 ;then a sim ilarargum entgivesa blow-up lim itin a ballof

�nite radius;thislim ithasthe structure ofa non-
atm etric cone. Thisis

ruled outbyHam ilton’sstrongm axim um principlefornonnegativecurvature

operator.

Finally,ifR = 0;then (in dim ensionsthreeand up)itiseasy to seethat

them etricis
at.

11.5 C orollary. For every � > 0 there exists A < 1 with the following

property.Supposewehavea sequenceof(notnecessarilycom plete)solutions

(gk)ij(t) with nonnegative curvature operator,de� ned on Mk � [tk;0];such

thatforeach k theballB (xk;rk)attim et= 0 iscom pactly contained in M k;
1

2
R(x;t)� R(xk;0)= Q k for all(x;t);tkQ k ! �1 ;r2kQ k ! 1 ask ! 1 :

Then V olB (xk;A=
p
Q k)� �(A=

p
Q k)

n att= 0 ifk islarge enough.

Proof. Assum ing the contrary,we m ay take a blow-up lim it(at(xk;0)

with factorsQ k)and getanon-
atancientsolution with positiveasym ptotic

volum e ratio att= 0;satisfying the assum ptions in 11.1,except,m ay be,

the�-noncollapsing assum ption.Butifthatassum ption isviolated foreach

� > 0;then V(t) is not bounded away from zero as t ! �1 :However,

thisisim possible,because itis easy to see thatV(t)isnonincreasing in t:

(Indeed,Ricci
ow decreasesthevolum eand doesnotdecreasethedistances

faster than C
p
R per tim e unit,by lem m a 8.3(b)) Thus,�-noncollapsing

holdsforsom e� > 0;and wecan apply thepreviousproposition to obtain a

contradiction.

11.6 C orollary.Forevery w > 0 there existB = B (w)< 1 ;C = C(w)<

1 ;�0 = �0(w)> 0;with the following properties.

(a) Suppose we have a (notnecessarily com plete) solution gij(t) to the

Ricci 
 ow, de� ned on M � [t0;0];so that at tim e t = 0 the m etric ball

B (x0;r0)iscom pactlycontainedin M :Supposethatateachtim et;t0 � t� 0;

the m etric gij(t) has nonnegative curvature operator, and V olB (x0;r0) �

wrn0:Then we have an estim ate R(x;t) � Cr
�2
0 + B (t� t0)

�1 whenever

distt(x;x0)�
1

4
r0:
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(b)If,ratherthan assum inga lowerbound on volum eforallt;weassum e

itonly for t= 0;then the sam e conclusion holds with ��0r
2
0
in place oft0;

provided that�t0 � �0r
2
0:

Proof.By scaling assum e r0 = 1:(a)Arguing by contradiction,consider

a sequence ofB ;C ! 1 ;ofsolutions gij(t) and points (x;t);such that

distt(x;x0) �
1

4
and R(x;t) > C + B (t� t0)

�1 :Then,arguing as in the

proofofclaim s1,2in 10.1,wecan �nd apoint(�x;�t);satisfying dist�t(�x;x0)<
1

3
;Q = R(�x;�t) > C + B (�t� t0)

�1 ;and such that R(x0;t0) � 2Q whenever

�t� AQ �1 � t0 � �t;dist�t(x
0;�x) < AQ �

1

2;where A tends to in�nity with

B ;C:Applying thepreviouscorollary at(�x;�t)and using therelativevolum e

com parison,wegeta contradiction with theassum ption involving w:

(b)LetB (w);C(w)be good for(a). W e claim thatB = B (5�n w);C =

C(5�n w)aregood for(b),foran appropriate�0(w)> 0:Indeed,letgij(t)be

a solution with nonnegative curvature operator,such thatV olB (x0;1)� w

att= 0;and let[��;0]bethem axim altim einterval,wheretheassum ption

of(a)stillholds,with 5�n w in place ofw and with �� in place oft0:Then

attim et= �� wem usthaveV olB (x0;1)� 5�n w:On theotherhand,from

lem m a 8.3 (b)weseethattheballB (x0;
1

4
)attim et= �� containstheball

B (x0;
1

4
� 10(n � 1)(�

p
C + 2

p
B �))attim e t= 0;and the volum e ofthe

form erisatleastaslargeasthevolum e ofthelatter.Thus,itisenough to

choose�0 = �0(w)in such a way thattheradiusofthelatterballis>
1

5
:

Clearly,the proofalso works ifinstead ofassum ing that curvature op-

eratorisnonnegative,we assum ed thatitisbounded below by �r�20 in the

(tim e-dependent)m etricballofradiusr0;centered atx0:

11.7.From now on werestrictourattention tooriented m anifoldsofdim en-

sion three.Undertheassum ptionsin 11.1,thesolutionson closed m anifolds

m ust be quotients ofthe round S
3 or S2 � R -this is proved in the sam e

way as in two dim ensions,since the gradient shrinking solitons are known

from thework ofHam ilton [H 1,10].Thenoncom pactsolutionsaredescribed

below.

T heorem .The setofnon-com pactancientsolutions ,satisfying the as-

sum ptionsof11.1,iscom pactm odulo scaling.Thatis,from anysequenceof

such solutionsand points(xk;0)with R(xk;0)= 1;wecan extracta sm oothly

converging subsequence,and the lim itsatis� esthe sam e conditions.

Proof. To ensure a converging subsequence it is enough to show that

wheneverR(yk;0)! 1 ;the distancesatt= 0 between xk and yk go to in-

�nity aswell.Assum ethecontrary.De�neasequencezk by therequirem ent
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thatzk betheclosestpointtoxk (att= 0),satisfyingR(zk;0)dist
2

0
(xk;zk)= 1:

W eclaim thatR(z;0)=R(zk;0)isuniform lyboundedforz 2 B (zk;2R(zk;0)
�

1

2):

Indeed,otherwisewecould show,using 11.5and relativevolum ecom parison

in nonnegative curvature,thatthe ballsB (zk;R(zk;0)
�

1

2)are collapsing on

thescaleoftheirradii.Therefore,using thelocalderivativeestim ate,dueto

W .-X.Shi(see[H 4,x13]),wegetabound on R t(zk;t)oftheorderofR
2(zk;0):

Then we can com pare 1 = R(xk;0)� cR(zk;�cR
�1 (zk;0))� cR(zk;0)for

som esm allc> 0;wherethe�rstinequality com esfrom theHarnack inequal-

ity,obtained by integrating (11.1). Thus,R(zk;0) are bounded. But now

the existence ofthe sequence yk at bounded distance from xk im plies,via

11.5 and relative volum e com parison,thatballs B (xk;c)are collapsing -a

contradiction.

Itrem ainsto show thatthelim ithasbounded curvatureatt= 0:Ifthis

was not the case,then we could �nd a sequence yi going to in�nity,such

thatR(yi;0)! 1 and R(y;0)� 2R(yi;0)fory 2 B (yi;A iR(yi;0)
�

1

2);A i!

1 :Then the lim it ofscalings at (yi;0) with factors R(yi;0) satis�es the

assum ptionsin 11.1 and splitso� a line. Thusby 11.3 itm ustbe a round

in�nite cylinder. Itfollowsthatforlarge ieach yi iscontained in a round

cylindrical"neck" ofradius (1
2
R(yi;0))

�
1

2 ! 0;- som ething that can not

happen in an open m anifold ofnonnegativecurvature.

11.8.Fix � > 0:Letgij(t)bean ancientsolution on a noncom pactoriented

three-m anifold M ;satisfying the assum ptionsin 11.1. W e say thata point

x0 2 M is the center ofan �-neck,ifthe solution gij(t)in the set f(x;t) :

�(�Q)�1 < t� 0;dist
2

0(x;x0)< (�Q)�1 g;whereQ = R(x0;0);is,afterscaling

with factorQ;�-close(in som e�xed sm ooth topology)to thecorresponding

subsetoftheevolving round cylinder,having scalarcurvatureoneatt= 0:

C orollary (from theorem 11.7 and itsproof)Forany � > 0 there exists

C = C(�;�) > 0;such thatifgij(t) satis� es the assum ptions in 11.1,and

M � denotes the setofpoints in M ;which are notcenters of�-necks,then

M � iscom pactand m oreover,diam M � � CQ �
1

2;and C �1 Q � R(x;0)� CQ

wheneverx 2 M �;where Q = R(x0;0)forsom e x0 2 @M �:

11.9 Rem ark. Itcan be shown thatthere exists�0 > 0;such thatifan

ancientsolution on anoncom pactthree-m anifold satis�estheassum ptionsin

11.1 with som e� > 0;then itwould satisfy these assum ptionswith � = �0:

This follows from the argum ents in 7.3,11.2,and the statem ent (which is

nothard to prove)thatthereareno noncom pactthree-dim ensionalgradient
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shrinking solitons,satisfying 11.1,otherthan theround cylinderand itsZ2-

quotients.

Furtherm ore,I believe that there is only one (up to scaling) noncom -

pactthree-dim ensional�-noncollapsed ancient solution with bounded posi-

tive curvature -the rotationally sym m etric gradientsteady soliton,studied

by R.Bryant. In this direction,Ihave a plausible,but not quite rigorous

argum ent,showing thatany such ancientsolution can bem adeeternal,that

is,can be extended fort2 (�1 ;+1 );also Ican prove uniqueness in the

classofgradientsteady solitons.

11.10* The earlierwork on ancientsolutionsand allthatcan be found

in [H 4,x16� 22;25;26].

12 A lm ost nonnegative curvature in dim en-

sion three

12.1 Let� beadecreasingfunctionofonevariable,tendingtozeroatin�nity.

A solution to the Ricci
ow issaid to have �-alm ostnonnegative curvature

ifitsatis�esRm (x;t)� ��(R(x;t))R(x;t)foreach (x;t):

T heorem . Given � > 0;� > 0 and a function � as above,one can � nd

r0 > 0 with the following property. Ifgij(t);0 � t � T is a solution to

theRicci
 ow on a closed three-m anifold M ;which has�-alm ostnonnegative

curvature and is �-noncollapsed on scales < r0;then for any point(x0;t0)

with t0 � 1 and Q = R(x0;t0)� r
�2
0 ;the solution in f(x;t):dist

2

t0
(x;x0)<

(�Q)�1 ;t0� (�Q)�1 � t� t0g is,afterscalingby the factorQ;�-closeto the

correspondingsubsetofsom e ancientsolution,satisfying the assum ptionsin

11.1.

Proof. An argum entby contradiction.Take a sequence ofr0 converging

to zero,and considerthe solutionsgij(t);such thatthe conclusion doesnot

hold forsom e (x0;t0);m oreover,by tam pering with the condition t0 � 1 a

littlebit,chooseam ong allsuch (x0;t0);in thesolution underconsideration,

theonewith nearly thesm allestcurvatureQ:(M oreprecisely,wecan choose

(x0;t0)in such a way thattheconclusion ofthe theorem holdsforall(x;t);

satisfying R(x;t) > 2Q;t0 � H Q �1 � t � t0;where H ! 1 as r0 ! 0)

Ourgoalisto show thatthe sequence ofblow-upsofsuch solutionsatsuch

pointswith factorsQ would converge,along som esubsequence ofr0 ! 0;to

an ancientsolution,satisfying 11.1.
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C laim 1.Foreach (�x;�t)with t0 � H Q �1 � �t� t0 we have R(x;t)� 4�Q

whenever �t� c�Q �1 � t� �tand dist�t(x;�x)� c�Q �
1

2;where �Q = Q + R(�x;�t)

and c= c(�)> 0 isa sm allconstant.

ProofofClaim 1.Usethefact(following from thechoiceof(x0;t0)and

the description ofthe ancient solutions)thatforeach (x;t)with R(x;t)>

2Q and t0 � H Q �1 � t� t0 we have the estim ates jR t(x;t)j� CR 2(x;t),

jr Rj(x;t)� CR
3

2(x;t):

C laim 2. There exists c = c(�) > 0 and for any A > 0 there exist

D = D (A)< 1 ;�0 = �0(A)> 0;with the following property. Suppose that

r0 < �0;and let
 bea shortestgeodesicwith endpoints�x;x in gij(�t);forsom e
�t2 [t0 � H Q �1 ;t0];such thatR(y;�t)> 2Q foreach y 2 
:Letz 2 
 satisfy

cR(z;�t)> R(�x;�t)= �Q:Then dist�t(�x;z)� A �Q �
1

2 wheneverR(x;�t)� D �Q:

ProofofClaim 2.Notethatfrom thechoiceof(x0;t0)and thedescription

oftheancientsolutionsitfollowsthatan appropriateparabolic(backward in

tim e)neighborhood ofa pointy 2 
 att= �tis�-closeto theevolving round

cylinder,provided c�1 �Q � R(y;�t) � cR(x;�t) for an appropriate c = c(�):

Now assum e thattheconclusion oftheclaim doesnothold,taker0 to zero,

R(x;�t)-to in�nity,and consider the scalingsaround (�x;�t)with factors �Q :

W ecan im aginetwo possibilitiesforthebehaviorofthecurvaturealong 
 in

the scaled m etric: eitheritstaysbounded atbounded distancesfrom �x;or

not. In the �rstcase we can take a lim it(fora subsequence) ofthe scaled

m etrics along 
 and get a nonnegatively curved alm ost cylindricalm etric,

with 
 going to in�nity. Clearly,in thiscase the curvature atany pointof

the lim itdoesnotexceed c�1 ;therefore,the pointz m ust have escaped to

in�nity,and theconclusion oftheclaim stands.

In the second case,we can also takea lim italong 
;itisa sm ooth non-

negatively curved m anifold near�x and hascylindricalshapewherecurvature

is large;the radius ofthe cylinder goes to zero as we approach the (�rst)

singularpoint,which islocated at�nitedistance from �x;theregion beyond

the �rst singular point willbe ignored. Thus,at t = �twe have a m etric,

which isa sm ooth m etric ofnonnegative curvature away from a single sin-

gular point o. Since the m etric is cylindricalat points close to o;and the

radiusofthe cylinderisatm ost� tim esthe distance from o;the curvature

ato isnonnegative in Aleksandrov sense. Thus,the m etric nearo m ustbe

cone-like. In otherwords,the scalingsofourm etric atpointsxi ! o with

factorsR(xi;�t)converge to a piece ofnonnegatively curved non-
atm etric

cone.M oreover,using claim 1,weseethatweactually havetheconvergence
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ofthe solutionsto the Ricci
ow on som e tim e interval,and notjustm et-

rics at t= �t:Therefore,we get a contradiction with the strong m axim um

principleofHam ilton [H 2].

Now continue the proofoftheorem ,and recallthat we are considering

scalings at (x0;t0) with factor Q:It follows from claim 2 that at t = t0

the curvature ofthe scaled m etric is bounded at bounded distances from

x0:This allows us to extract a sm ooth lim it at t = t0 (ofcourse,we use

the �-noncollapsing assum ption here). The lim ithasbounded nonnegative

curvature (ifthe curvatureswere unbounded,we would have a sequence of

cylindricalneckswith radiigoing to zero in a com plete m anifold ofnonneg-

ative curvature). Therefore,by claim 1,we have a lim itnotonly att= t0;

butalso in som eintervaloftim essm allerthan t0:

W ewanttoshow thatthelim itactually existsforallt< t0:Assum ethat

thisisnotthecase,andlett0bethesm allestvalueoftim e,such thattheblow-

up lim itcan be taken on (t0;t0]:From thedi�erentialHarnack inequality of

Ham ilton [H 3]wehavean estim ateR t(x;t)� �R(x;t)(t� t0)�1 ;therefore,if
~Q denotesthem axim um ofscalarcurvatureatt= t0;then R(x;t)� ~Q t0�t

0

t�t0
:

Hence by lem m a 8.3(b) distt(x;y) � distt0(x;y)+ C for allt;where C =

10n(t0 � t0)

q

~Q:

The next step is needed only ifour lim it is noncom pact. In this case

thereexistsD > 0;such thatforany y satisfying d = distt0(x0;y)> D ;one

can �nd x satisfying distt0(x;y)= d;distt0(x;x0) >
3

2
d:W e claim thatthe

scalarcurvatureR(y;t)isuniform ly bounded forallsuch y and allt2 (t0;t0]:

Indeed,ifR(y;t)islarge,then theneighborhood of(y;t)islikein an ancient

solution;therefore,(long)shortestgeodesics
 and 
0;connecting attim e t

thepointy to x and x0 respectively,m aketheanglecloseto 0 or� aty;the

form ercaseisruled outby theassum ptionson distances,ifD > 10C;in the

lattercase,x and x0 are separated attim e tby a sm allneighborhood ofy;

with diam eter oforder R(y;t)�
1

2;hence the sam e m ust be true attim e t0;

which isim possibleifR(y;t)istoo large.

Thuswe have a uniform bound on curvature outside a certain com pact

set,which hasuniform ly bounded diam eterforallt2 (t0;t0]:Then claim 2

givesa uniform bound on curvature everywhere. Hence,by claim 1,we can

extend ourblow-up lim itpastt0-a contradiction.

12.2 T heorem .Given a function � asabove,forany A > 0 there exists

K = K (A)< 1 with the following property.Suppose in dim ension three we

havea solution to the Ricci
 ow with �-alm ostnonnegativecurvature,which
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satis� es the assum ptions oftheorem 8.2 with r0 = 1:Then R(x;1) � K

wheneverdist1(x;x0)< A:

Proof.In the�rststep oftheproofwecheck thefollowing

C laim . There exists K = K (A)< 1 ;such thata point(x;1)satis� es

the conclusion ofthe previous theorem 12.1 (for som e � xed sm all� > 0),

wheneverR(x;1)> K and dist1(x;x0)< A:

The proofofthisstatem entessentially repeatstheproofofthe previous

theorem (the �-noncollapsing assum ption isensured by theorem 8.2). The

only di�erence is in the beginning. So let us argue by contradiction,and

suppose we have a sequence ofsolutionsand pointsx with dist1(x;x0)< A

and R(x;1) ! 1 ;which do not satisfy the conclusion of12.1. Then an

argum ent,sim ilarto theoneproving claim s1,2 in 10.1,deliverspoints(�x;�t)

with 1

2
� �t� 1;dist�t(�x;x0) < 2A;with Q = R(�x;�t) ! 1 ;and such that

(x;t)satis�estheconclusion of12.1 wheneverR(x;t)> 2Q;�t� D Q �1 � t�

�t;dist�t(�x;x)< D Q �
1

2;where D ! 1 :(There isa little subtlety here in the

application oflem m a 8.3(b);nevertheless,itworks,sinceweneed to apply it

only when theendpointotherthan x0 eithersatis�estheconclusion of12.1,

orhasscalarcurvatureatm ost2Q)Aftersuch (�x;�t)arefound,theproofof

12.1 applies.

Now,havingchecked theclaim ,wecan provethetheorem byapplyingthe

claim 2 ofthe previoustheorem to the appropriate segm entofthe shortest

geodesic,connecting x and x0:

12.3 T heorem . Forany w > 0 there exist� = �(w)> 0;K = K (w)<

1 ;� = �(w) > 0 with the following property. Suppose we have a solution

gij(t) to the Ricci
 ow,de� ned on M � [0;T);where M is a closed three-

m anifold, and a point (x0;t0);such that the ballB (x0;r0) at t = t0 has

volum e � wrn0;and sectionalcurvatures � �r
�2
0 at each point. Suppose

thatgij(t) is �-alm ostnonnegatively curved for som e function � as above.

Then we have an estim ate R(x;t) < K r
�2
0

whenever t0 � 4�r2
0
;t 2 [t0 �

�r2
0
;t0];distt(x;x0)�

1

4
r0;provided that�(r

�2
0 )< �:

Proof.Ifweknew thatsectionalcurvaturesare� �r
�2
0

forallt;then we

could justapply corollary 11.6(b)(with therem ark afteritsproof)and take

�(w)= �0(w)=2;K (w)= C(w)+ 2B (w)=�0(w):Now �x thesevaluesof�;K ;

considera �-alm ostnonnegatively curved solution gij(t);a point(x0;t0)and

a radiusr0 > 0;such thatthe assum ptionsofthe theorem do hold whereas

the conclusion does not. W e m ay assum e thatany otherpoint (x0;t0)and

radius r0 > 0 with that property has either t0 > t0 or t
0 < t0 � 2�r20;or
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2r0> r0:Ourgoalisto show that�(r�20 )isbounded away from zero.

Let�0> 0 bethelargesttim eintervalsuch thatRm (x;t)� �r
�2
0

when-

evert2 [t0 � �0r20;t0];distt(x;x0)� r0:If�
0� 2�;we are done by corollary

11.6(b).Otherwise,by elem entary Aleksandrov spacetheory,wecan �nd at

tim e t0= t0 � �0r2
0
a ballB (x0;r0)� B (x0;r0)with V olB (x

0;r0)� 1

2
!n(r

0)n;

and with radiusr0� cr0 forsom esm allconstantc= c(w)> 0:By thechoice

of(x0;t0)and r0;theconclusion ofourtheorem holdsfor(x0;t0);r0:Thuswe

havean estim ateR(x;t)� K (r0)�2 whenevert2 [t0� �(r0)2;t0];distt(x;x
0)�

1

4
r0:Now wecan applytheprevioustheorem (orratheritsscaled version)and

getan estim ate on R(x;t)whenevert2 [t0� 1

2
�(r0)2;t0];distt(x

0;x)� 10r0:

Therefore,ifr0 > 0 is sm allenough,we have Rm (x;t) � �r
�2
0 for those

(x;t);which isa contradiction to thechoiceof�0:

12.4 C orollary (from 12.2 and 12.3)Given a function � as above,for

any w > 0 one can � nd � > 0 such thatifgij(t)isa �-alm ostnonnegatively

curved solution to the Ricci
 ow,de� ned on M � [0;T);whereM isa closed

three-m anifold,and ifB (x0;r0) is a m etric ballattim e t0 � 1;with r0 <

�;and such that m inRm (x;t0) over x 2 B (x0;r0) is equalto �r
�2
0 ;then

V olB (x0;r0)� wrn
0
:

13 T he globalpicture ofthe R icci
ow in di-

m ension three

13.1 Letgij(t)bea sm ooth solution to theRicci
ow on M � [1;1 );where

M isaclosed oriented three-m anifold.Then,accordingto[H 6,theorem 4.1],

the norm alized curvatures ~Rm (x;t) = tRm (x;t) satisfy an estim ate ofthe

form ~Rm (x;t)� ��(~R(x;t))~R(x;t);where� behavesatin�nity as 1

log
:This

estim ateallowsusto apply theresults12.3,12.4,and obtain thefollowing

T heorem . For any w > 0 there existK = K (w)< 1 ;� = �(w)> 0;

such thatfor su� ciently large tim es tthe m anifold M adm its a thick-thin

decom position M = M thick

S
M thin with the following properties. (a) For

every x 2 M thick we have an estim ate j ~Rm j� K in the ballB (x;�(w)
p
t):

and thevolum eofthisballisatleast 1

10
w(�(w)

p
t)n:(b)Forevery y 2 M thin

there exists r = r(y);0 < r < �(w)
p
t;such thatfor allpoints in the ball

B (y;r)we have Rm � �r�2 ;and the volum e ofthisballis< wrn:

Now the argum ents in [H 6]show that either M thick is em pty for large

t;or ,for an appropriate sequence oft ! 0 and w ! 0;it converges to
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a (possibly, disconnected) com plete hyperbolic m anifold of�nite volum e,

whose cusps(ifthere areany)areincom pressible in M :On theotherhand,

collapsing with lowercurvaturebound in dim ension threeisunderstood well

enough to claim that,forsu�ciently sm allw > 0; M thin ishom eom orphic

to a graph m anifold.

Thenaturalquestionsthatrem ain open arewhetherthenorm alized cur-

vatures m ust stay bounded as t ! 1 ;and whether reducible m anifolds

and m anifoldswith �nitefundam entalgroup can have m etricswhich evolve

sm oothly by theRicci
ow on thein�nitetim einterval.

13.2 Now supposethatgij(t)isde�ned on M � [1;T);T < 1 ;and goes

singularast! T:Then using12.1weseethat,ast! T;eitherthecurvature

goesto in�nity everywhere,and then M isa quotientofeitherS3 orS2 � R;

or the region ofhigh curvature in gij(t) is the union ofseveralnecks and

capped necks,which in thelim itturn into horns(thehornsm ostlikely have

�nite diam eter,butatthe m om entIdon’thave a proofofthat). Then at

thetim eT wecan replacethetipsofthehornsby sm ooth capsand continue

runningtheRicci
ow untilthesolution goessingularforthenexttim e,e.t.c.

Itturnsoutthatthosetipscan bechosen in such away thattheneed forthe

surgery willarise only �nite num ber oftim es on every �nite tim e interval.

The proofofthisisin thesam e spirit,asourproofof12.1;itistechnically

quitecom plicated,butrequiresno essentially new ideas.Itislikely thatby

passing to thelim itin thisconstruction onewould geta canonically de�ned

Ricci
ow through singularities,butatthe m om entIdon’thave a proofof

that. (The positive answer to the conjecture in 11.9 on the uniqueness of

ancientsolutionswould help here)

M oreover,itcan beshown,using an argum entbased on 12.2,thatevery

m axim alhorn atany tim e T;when the solution goessingular,hasvolum e

at least cTn;this easily im plies that the solution is sm ooth (ifnonem pty)

from som e �nite tim e on. Thus the topology ofthe originalm anifold can

be reconstructed as a connected sum ofm anifolds,adm itting a thick-thin

decom position asin 13.1,and quotientsofS3 and S2 � R:

13.3* Anotherdi�erential-geom etricapproach tothegeom etrization con-

jectureisbeing developed by Anderson [A];hestudiestheellipticequations,

arisingasEuler-Lagrangeequationsforcertain functionalsoftheriem annian

m etric,perturbing thetotalscalarcurvaturefunctional,and onecan observe

certain parallelism between hiswork and thatofHam ilton,especially taking

into accountthat,aswehaveshown in 1.1,Ricci
ow isthegradient
ow for

a functional,thatclosely resem blesthetotalscalarcurvature.
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